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Introduction: Double copy — from string to field theory

Birth of double copy: KLT relations among string amplitudes at tree-level

Apt 7704
M P (o) = Agpen(1,2,4,3;0]) sin —k1 kg Aopen(1,2,3,4; /)
closed open
strings: strings:
sphere disk

[Kawai, Lewellen, Tye 1986]



Introduction: Double copy — from string to field theory

Birth of double copy: KLT relations among string amplitudes at tree-level

Apt 7Toz
M P (o) = Agpen(1,2,4,3;0]) sin —k1 ]-CQ Aopen(1,2,3,4; /)
closed open
strings: strings:
sphere disk

[Kawai, Lewellen, Tye 1986]

Field-theory limit o/ — 0: relate gravity to double copy of gauge theories:

4t
Mchara = Asym(1,2,4,3) k- ko Agym(1,2,3,4) = Agym @kir Agyu -

Will refer to operation @1 at o — 0 as field-theory double copy.



Introduction: Double copy — from string to field theory

At n points, more combinatorics and (n—3)!-element BCJ bases

{ASYM(L p(2,3,...,n—2),n—1,n), permutation p € Sn_g}
[Bern, Carrasco, Johansson 0805.3993]

t _
Mifara = Y Agym(l p,n,n—1) S(p|7)1 Asym(L, 7,n—1,n)

vaESn—S /

_/A\

Ve

(n—3)! X (n—3)! KLT matrix, entries are ~ (k; - kj)n_g
[Bern, Dixon, Perelstein, Rozowsky 1998]
[Bjerrum-Bohr, Damgaard, Feng, Sondergaard, Vanhove 2010]



Introduction: Double copy — from string to field theory

At n points, more combinatorics and (n—3)!-element BCJ bases

{ASYM(L p(2,3,...,n—2),n—1,n), permutation p € Sn_g}
[Bern, Carrasco, Johansson 0805.3993]

t —
Mifara = Y Agym(l p,n,n—1) S(p|7)1 Asym(L, 7,n—1,n)

vaESn—S /

/AN

Ve

(n—3)! X (n—3)! KLT matrix, entries are ~ (k; - kj)n_g
[Bern, Dixon, Perelstein, Rozowsky 1998]
[Bjerrum-Bohr, Damgaard, Feng, Sondergaard, Vanhove 2010]

e.g. 2X2 terms ( (ki - ko) (k1o - k3) (ki - ko) (ki - ks) )

o SpE23)T(2,3))h =
at o pOlﬂtS with (]{1 . kg)(lﬁ - kg) (kl : k3><k1+3 : kQ)

Shorthand for KL'T formulae: Mqyora = ASYM RKLT AgyM
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Key result: Massless tree amplitudes in various string theories

Field-theory double copy Q1T = web of relations for string amplitudes

— representations of the flavour (field theory) Q@ (stringy building block)
QOKLT SYM

Z-theory open superstring

o “Z-theory” <+ o/-dependent disk integrals (over moduli space Mon)
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Key result: Massless tree amplitudes in various string theories

Field-theory double copy Q1T = web of relations for string amplitudes

— representations of the flavour (field theory) Q@ (stringy building block)

QKLT SYM
Z-theory open superstring
sv(open

superstring) closed superstring

o “Z-theory” <+ o/-dependent disk integrals (over moduli space Mon)

e “sv’ « formal “single-valued” projection on zeta values in a/-expansion
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Key result: Massless tree amplitudes in various string theories

Field-theory double copy Q1T = web of relations for string amplitudes

— representations of the flavour (field theory) @ (stringy building block)

OKLT SYM (DF)*>+YM
Z-theory open superstring open bosonic string
su?)‘éggg ?ﬂ o) closed superstring | heterotic string (grav)
bSb‘[(SEl?IOI?g) heterotic string (grav) | closed bosonic string

o “Z-theory” «+ o/-dependent disk integrals (over moduli space Mon)

e “sv’ < formal “single-valued” projection on zeta values in a/-expansion

dim 6 op's )

o {(DF)*+YM" ¢ gauge theory: L(DFR+vM = éﬁYM + (md (DF)?
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Key result: Massless tree amplitudes in various string theories

Field-theory double copy Q1T = web of relations for string amplitudes

— representations of the flavour (field theory) @ (stringy building block)

QKLT SYM (DF)?+YM (DF)?+YM+¢?
Z-theory open superstring open bosonic string
su?)‘éggg ?g@ closed superstring | heterotic string (grav) | het. string (gauge/grav)
bSb‘[(SEl?IOI?g) heterotic string (grav) | closed bosonic string

o “Z-theory” «+ o/-dependent disk integrals (over moduli space Mon)

e “sv’ < formal “single-valued” projection on zeta values in a/-expansion

dim 6 op's )

o {(DF)*+YM" ¢ gauge theory: L(DFR+vM = éﬁYM + (md (DF)?
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Key result: Massless tree amplitudes in various string theories

Field-theory double copy Q1T = web of relations for string amplitudes

— representations of the flavour (field theory) @ (stringy building block)

QKLT SYM (DF)?+YM (DF)?+YM+¢?
Z-theory open superstring open bosonic string | comp(open bos. string)
su?)‘(/:ggg ?;1@ closed superstring | heterotic string (grav) | het. string (gauge/grav)
bsb‘f(;)taelig) heterotic string (grav) | closed bosonic string | comp(closed bos. string)

o “Z-theory” «+ o/-dependent disk integrals (over moduli space Mon)

e “sv’ < formal “single-valued” projection on zeta values in a/-expansion

dim 6 op's )

o {(DF)*+YM" ¢ gauge theory: L(DFR+vM = éﬁYM + (md (DF)?



10

Outline

I. Open superstrings as a field-theory double copy
[Mafra, OS, Stieberger 1106.2645; Broedel, OS, Stieberger 1304.7267]

I1. Closed superstrings from single-valued open superstrings
[OS, Stieberger 1205.1516; Stieberger 1310.3259]

[11. Bosonic strings from (DF)? 4+ YM field theory
[Azevedo, Chiodaroli, Johansson, OS 1803.05452]

IV. Heterotic strings and (DF)? + YM + ¢ field theory
[Azevedo, Chiodaroli, Johansson, OS 1803.05452]

V. Universal string interactions
[Huang, OS, Wen 1602.01674]
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I. Open superstrings as a field-theory double copy

Color ordered n-point trees of open superstring (with o = (2, 3, ...,n—2))
Adper(Lo,n—1 ;o) = D F,7 (o)) Agyy(L, 7,n—1,n)
TES,_3

[Mafra, OS, Stieberger 1106.2645, 1106.2646]

e all polarizations in BCJ basis of 10-dim SYM amplitudes Agyp(. - )

e all o/ in (n—3)! x (n—3)! disk integrals F,;" (o)

22 Zl 4 Zi+1 |Z’L - R
. 0 / dZZ' 1 00
Zn conformal & 0 o
symmetrj A, “n—1 Zn
L o—o-
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I. Open superstrings as a field-theory double copy

Color ordered n-point trees of open superstring (with o = (2, 3, ...,n—2))
Adper(Lo,n—1 ;o) = D F,7 (o)) Agyy(L, 7,n—1,n)
TESn_g

[Mafra, OS, Stieberger 1106.2645, 1106.2646]

e all polarizations in BCJ basis of 10-dim SYM amplitudes Agyp(. - )

eall o/ in (n—3)! x (n—3)! disk integrals Fo7 (') via s;5 = 2a'k; - k;

n—2 [—1
Rt = [ o ass T ston{ T X 22 )
1< [=2 m=1 Z n

O<ZO<2) <ZU<3) < "'<Za(n—2) <1

e at n = 4 points, permutations trivialize & recover Veneziano amplitude

I
: ) (1 + s12)1°(1 +
F’(a') = / dzg | 29|12 \1—22\523@ _ (I + 512)I'(1 + s3)
v 2 ['(1+ s12 + s23)
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I. Open superstrings as a field-theory double copy

Color ordered n-point trees of open superstring (with o = (2,3, ...,n—2))

Adtper(Lo,n—=1,n;a') = Y F,7(a') Agyy(1,7,n—1,n)
TESn_g

[Mafra, OS, Stieberger 1106.2645, 1106.2646]

e all polarizations in BCJ basis of 10-dim SYM amplitudes Agyp(. - )

o all o in (n—3)! x (n—3)! disk integrals F,,"(a') via s;; = 2a'k; - k;

n—1 n—2 |—1
(o) = — 5|55 Slm
Fy'(a') = /(Jl?:g...@l?:n21—[\zZ Z]’]T{szl—zm}
O<ZO’<2><ZO'<3><"'<ZO'<TL—2><1 <] [=2 m=1
o7 € Sy_3actson kj and z; enclosed in {...} with j =2,3,...,n—2

o recover Agiper — Agyy from field-theory limit F,7 (/) = §5+O(a?)
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I. Open superstrings as a field-theory double copy

Color ordered n-point trees of open superstring (with o = (2, 3, ...,n—2))
Adper(Lo,n—1 ;o) = D F,7 (o)) Agyy(L, 7,n—1,n)
TES,_3

A KLT formula in disguise involving disk integrals (with z,,;j = z; — zj)
dzy ... dzp @<] ‘ZZ]‘Sij

Zy(p(1,2,...,n)) = (2a/)"3 /
O( ) vol SLQ(R) p(Z12Z23 ce Zn—l,nzn,1>
2o (i) <Fo(i+1)
Permutation p = p(1,2,...,n) acts on cyclic denominator (212293 . . . 2,.1)

—1

. and integrand of F5" 18 ), S(p|7)1p(212223 - - znjl)_l w. KLT matrix

[Brodel, OS, Stieberger 1304.7267]
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I. Open superstrings as a field-theory double copy

Color ordered n-point trees of open superstring (with o = (2, 3, ...,n—2))

Ashper(L,o,n=1,n;0/) = Y~ Zo(1, p,n,n—1) S(p|7)1 Agym(1, 7,n—1,7)
paTESn—S

A KLT formula in disguise involving disk integrals (with z,,;j = z; — zj)
dzy ... dzp z<] ‘ZZJ‘Sij

Zy(p(1,2,...,n)) = (2a/)"3 /
O( ) vol SLQ(R) p(Z12Z23 ce Zn—l,nzn,l)
2o (i) <Fo(i+1)
Permutation p = p(1,2,...,n) acts on cyclic denominator (212293 . . . 2,.1)

—1

. and integrand of Fi,;"is ) S(p|T)1p(212223 - - - znjl)_l w. KLT matrix

—> field-theory double copy ASSSQY( ) = Zo QLT AsyM

Integrals Z,; dubbed “Z-theory amplitudes”  [Carrasco, Mafra, OS 1608.02569]
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II. Closed superstrings from single-valued open superstrings

o/-expansion of F,” & Agﬁggr involves multiple zeta values (MZVs)

0

_ —n —MN — M
Cnl,nQ,...jnr — Z kl 1k2 - o e e kT T , nr Z 2

0<ki<ko<..<ky [Terasoma 2002 & Brown 2006]

Schematically (Sz'j = 2d'k; - kj)a
F,7(a))

A\

N\

AR (o) = (1 + ¢ (5i))* + G5 (s45)° + O™ T Agyp(7)
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II. Closed superstrings from single-valued open superstrings

o/-expansion of F,” & Agﬁggr involves multiple zeta values (MZVs)

0

_ —n —MN — M
Cnl,nQ,...jnr — Z kl 1k2 - o e e kT T , nr Z 2

0<ki<ko<..<ky [Terasoma 2002 & Brown 2006]

Schematically (Sz'j = 2d'k; - kj)a
F,7(a))

A\

ARSe(o) = (1 + & (5:5)° + C3(s45)° + 0(0/4))0? Agym(7)

At four points, for instance, only Riemann zeta values (.,

F(l —+ Slg)F(l + 823>
AR (193 4) = Asyai(1,2,3,4
super( ) F(l 1519+ 823> SYM( )

= exp (Z C—kA (—1)k [SlfQ + 8153 — <812—|—823)k]) ASYM(L 2,3, 4)
fo—

= (1 — (2812823 — (3812813823 + 0(0/4>> Asym(l,2,3,4)
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II. Closed superstrings from single-valued open superstrings

o/-expansion of F,” & AQESQT involves multiple zeta values (MZVs)

0

_ —ni;.—n —n,
Gy, ng,...,np = Z kq 1]-62 “o kT ne > 2

O0<hi<ko<...<k; [Terasoma 2002 & Brown 2006]

Schematically (Sij = 2d'k; - kj)a
F,7(a))

A\

N\

Agdper(@) = (1 + G (si)° + G (s45)° + O@™h) T Agyp(7)
Polynomial structure in s;; at n points can be determined to any order

[Brodel, OS, Stieberger, Terasoma 1304.7304 & Mafra, OS 1609.07078]

e explicit results at n < 7 points available for download

http : //wwwth.mpp.mpg.de /members/stieberg/mzv/index.html

e at n > 5 points, can’t avoid multiple arguments (¢35, (3.7, (3,35 etc.)
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II. Closed superstrings from single-valued open superstrings

o/-expansion of F,” & AQESQT involves multiple zeta values (MZVs)

0

S —n —T1 — N
Gy, ng,...,np = Z kq 1]-62 “o kT ne > 2
O<ki<ko<..<ky

Define single-valued projection sv of MZVs via their polylogarithm origin
[Schnetz 1302.6445 & Brown 1309.5309)]

MZVg  mmmmmmmmmmmmemneeeeees G » single-valued MZVs
z—1 z—1
, Francis Brown 2004: , :
polylogarithms 3 procedure to ~ single-valued polylog’s
G({word in 0, 1}; 2) cancel monodromies Gsv({word in 0, 1}; 2)

e.g. G(1;2) = log(l1—z) — G (1;2) = log[1—2|°
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II. Closed superstrings from single-valued open superstrings

o/-expansion of F,” & Agﬁg& involves multiple zeta values (MZVs)

0

S —n —T1 —
Gy, ng,...,np = Z kq 1]-62 “o kT ne > 2
O<ki<ko<..<ky

Define single-valued projection sv of MZVs via their polylogarithm origin
[Schnetz 1302.6445 & Brown 1309.5309)]

MZVg  mmmmmmmmmmmmemneeeeees G » single-valued MZVs
z—1 z—1
, Francis Brown 2004: , :
polylogarithms 3 procedure to ~ single-valued polylog’s
G({word in 0, 1}; 2) cancel monodromies Gsv({word in 0, 1}; 2)

sv(Car) = 0,  sv(Cp+1) = 2Ck+1, sv(@s) = —10¢3¢,  ete
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II. Closed superstrings from single-valued open superstrings

In principle, [Kawai, Lewellen, Tye 1986] determine closed-superstring trees as
losed (s Oé/
closed 1 fopen ! : open .
Msuper (O‘ ) ~ Asuper(- L Q ) | | ST ( 5 k; - kj)“%uper(- SN ) ;

however, this obscures cancellations among MZVs (e.g. o 2k ¢, drop out).
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II. Closed superstrings from single-valued open superstrings

In principle, [Kawai, Lewellen, Tye 1986] determine closed-superstring trees as
W

S
M) ~ Ao [T o fROR k) A ).
however, this obscures cancellations among MZVs (e.g. o 2k ¢, drop out).

Instead, simplify to field-theory double copy @ sin (WTO//{Z : kj) — k- k;

M) = Agyy @i sv Adhper(@)

[OS, Stieberger 1205.1516 & Stieberger 1310.3259]

Schematically, by sv((y.) = 0 and sv((op 1) = 2Cop1,
Ader(@) = (1 + G (si)° + G(si5)° + 0@™) T Agym(r)

sv Agper(0) = (1 + 2G5 (s4)° + O(@") 7 Agym(7).
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II. Closed superstrings from single-valued open superstrings

In principle, [Kawai, Lewellen, Tye 1986] determine closed-superstring trees as
W

close 1 S n
M) ~ A0 T o fROR k) A ).

however, this obscures cancellations among MZVs (e.g. o %CQ ;. drop out).

Instead, simplify to field-theory double copy @ sin (WTO//{Z : kj) —> k- Ky

M) = Agyy @i sv Adhper(@)

[OS, Stieberger 1205.1516 & Stieberger 1310.3259]

At n = 4, for instance, sv maps Veneziano- to Virasoro—Shapiro amplitude

Ij(l-+-812>11(1'+'823>
Ij<1-—-813>

(1 + s12)I(1 + s93)I(1 + s13)

:F(l-—-812>r(1 —-Sgg)F(l-—-813>

AP (193 4) =

super

Asyn(1,2,3,4)

sv AP (1,2,3,4) =

super

Asym(1,2,3,4) .
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II. Closed superstrings from single-valued open superstrings

Closed strings as a ficld-theory double copy

MGE () = Agyy @t sv Asiper(@)

[OS, Stieberger 1205.1516 & Stieberger 1310.3259]

e cmergence of sv Asuper(o/ ) was conjectural until recently ...

. and several approaches to an all-order proof can be found in
[OS, Schnetz 1808.00713 & Brown, Dupont 1810.07682

& Vanhove, Zerbini 1812.03018 & Brown, Dupont 1910.01107]

closed open
strings: strings:

sphere disk
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II. Closed superstrings from single-valued open superstrings

Closed strings as a field-theory double copy

M

closed
super

ope€n

(a ) - ASYM WKLT SV Asuper

()

[OS, Stieberger 1205.1516 & Stieberger 1310.3259]

e cmergence of sv Asuper(o/ ) was conjectural until recently ...

. and several approaches to an all-order proot can be found in
[OS, Schnetz 1808.00713 & Brown, Dupont 1810.07682

& Vanhove, Zerbini 1812.03018 & Brown, Dupont 1910.01107]

e - first 1-loop echos of elliptic sv-map “esv” from open to closed strings
[Brodel, OS, Zerbini 1803.00527 & Gerken, Kleinschmidt, OS 1811.02548]

closed
strings:

torus

< esvVv

------
d_ i

open

strings:

cylinder




ITI. Bosonic strings from (DF)? + YM field theory

Open bosonic string: can still expand n-point trees via integrals F, "

Astper(1,0,n—1,n;0) = () Agym(1, 7,n—1,n)

(]

AP (L on—1,n:d/) = Y F, (/) B(l,7,n—1,n:d)

bos N — Y
TES,_3 kin. factor with BCJ rel’s

26
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ITI. Bosonic strings from (DF)? + YM field theory

Open bosonic string: can still expand n-point trees via integrals F, "

A(S)SSQI(LO-) n_lana O/) o O'T(O/) ASYM(17T7 n—l,n)

[
~

TES,_3
Agggn(l, o,n—1,n;a) = ZFOT(O/) B(1,7,n—1,n; 0/2
TES,_3 kin. factor with BCJ rel’s

o'-dependent kinematic factors B(...;a/), e.g. (8ij = kj-k; from now on)

B(1,2,3;a") = Aym(1,2,3) — 4a/ (eq - ka)(es - k3)(es - ky) tachyon pole

B(1,2,3.4;:a') = Aym(1,2,3,4) — 4d/ {{ fiofaa ol 27374} _91929394}
( ) y( ) o S13 S% T oals s cyc( ) 3%23%33%3

with fi; = sij(eire;) — (ki-ej)(kj-e;) and g; = (ki—1-€;)8ii01 — (kiv1-€i)si-14:
[Huang, OS, Wen 1602.01674]

Is there a field-theory interpretation of these B(...:a’) with BCJ rel’s?
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Open bosonic string: can still expand n-point trees via integrals F;"

/
Agg:n(l,a,n—l,n; o) = % ZFJT(Q/) A<DF>2+YM(1,T,n—1,n; o)
TESh_g

. /
“(DF)? + YM” gauge theory = kin. factors B — %A(DF)2+YM
[Azevedo, Chiodaroli, Johansson, OS 1803.05452]

1 a uv 1 a 1 aoc av C
E(DF)2+YME §<D,MF 8 )2 — —mz(FW)Q - gf bFM FBAFAM

4
1 1 1 1
2 5 mQ(QOQ)Q 4+ 5 C&abgﬁangFb o g daﬂvgp&gpﬂgpv
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Open bosonic string: can still expand n-point trees via integrals /"
/
open / Q / /
‘Ablgs (1,0,n—1,n;a’) = > ZFUT(oz)A<DF>2+YM(1,7,n—1,n;a)
TESh_g

. /
“(DF)?+YM” gauge theory = kin. factors B — %A(DF)2+YM
[Azevedo, Chiodaroli, Johansson, OS 1803.05452]

1 a uv 1 a 1 aoc av C
E(DF)2+YME §<D,MF : )2 — Zmz(Fuy)Q - gf bFM FBAFAM
1 « 1 « 1 aa o a 1% 1 (07 (07
5 (Dup?) = SmA@") + SO ELET 4 d el

o kin. operator (0*—m?9?)A? = 2 gluon modes: (?ﬁ;@}?ﬁ) ® (Hé;aﬁsgge)

e massive-ghost scalar ¢ index « <+ real representation of gauge group
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Open bosonic string: can still expand n-point trees via integrals /"
/
open / Q / /
Ablgs (1,0,n—1,n;a’) = > ZFUT(oz)A<DF>2+YM(1,7,n—1,n;a)
TESn_g

. /
“(DF)?+YM” gauge theory = kin. factors B — %A(DF)2+YM
[Azevedo, Chiodaroli, Johansson, OS 1803.05452]

1 a uv 1 a 1 aoc av C
E(DF)2+YME §<D,MF : )2 — Zmz(Fuy)Q - gf bFM FBAFAM
1 « 1 « 1 (870 o a 1% 1 a0 (07
+ 5 (D) = SmAp")? + SO LY S d ) -

o kin. operator (0*—m?9?)A? = 2 gluon modes: (glﬁys;lgg?) ® (Hé;aflsgge)

e massive-ghost scalar p®: index « <+ real representation of gauge group

1 1
osetml = —— = required tachyon poles A( DF24YM ™ ool ek

o
o for external gluons, Clebsch Gordans O & d®P7 conspire to [ f2b¢
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Open bosonic string: can still expand n-point trees via integrals F;"
/
open / Q / /
Ablgs (1,0,n—1,n;a’) = > ZFUT(@)A<DF>2+YM(1,7,n—1,n;&)
TESh_g

. /
“(DF)? + YM” gauge theory = kin. factors B — %A(DF)2+YM
[Azevedo, Chiodaroli, Johansson, OS 1803.05452]

1 a (v 1 a 1 aoc av C
'C(DF)2+YME §<D,MF 8 )2 — ZmQ(FWY - gf bFM FBAFAM
1 o) 1 o) 1 aab, o a v 1 afy, o
T3 (D) = gmi (") + SO LN & d e
Brief history of (DF)? + YM theory [Johansson, Nohle 1707.02965]

e massless version L(DF)Q = lim,,,_q ﬁ(DF)QJrYM (i.e. “a’ — 00”)
= conformal supergravity as double copy Mg = AgyM QK TA (DF)?

e mass parameter of L( DF)24Y\M Preserves BCJ relations of A< DF)%4+YM
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Open bosonic string: can still expand n-point trees via integrals F;"

/

o

Ag]‘z:n(l, o,n—1,n:a") = > ZFUT(O/) A(DF)2+YM<1> ,n—1,n;a)
TES,_3

Since Iy = ), Zo(p)S(p|T) signal KLT formula in disguise,

open

—> field-theory double copy ‘Abos (0) = Zs QKILT A(DF)2+YM
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Open bosonic string: can still expand n-point trees via integrals F;"

/

o

AP o,n—1,n;a]) = 5 > Fy7 (o) Appeziym(lmn=1,n;a’)
TES,_3

Since Iy = ), Zo(p)S(p|T) signal KLT formula in disguise,

—> field-theory double copy Aﬁggn(a) = Zos QKLT A(DF)2+YM

Corollaries by recycling the underlying open-string CE'T' correlator:

closed _ sy Aopen

e via sv projection of MZVs: My o hos  OKLT A(DF)2+YM

e heterotic strings (gravity): can put SUSY on either side of double copy

10pen . . .

et { sV Asiper @KLT A( DF)4+YM SUSY on sv(string) side
orav.

SV ./tho)ggn RKIT AgyM : SUSY on field-theory side

[Azevedo, Chiodaroli, Johansson, OS 1803.05452]
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IV. Heterotic strings and (DF)? + YM + ¢’ field theory

Now incorporate gauge sector & gauge/gravity couplings of heterotic string

e single-trace gluon amplitudes: Agﬁg(l, 2,...,n) =svAgper(1,...,n)
[Stieberger, Taylor 1401.1218]

e various mixed gauge/gravity & double-trace amplitudes reduced to Agﬁg

[0S 1608.00130]

Suggests double-copy structure in color-dressed het. amplitudes MU,
bgrav

open
M%ggge ~ Ay QLT SV Asuper
bgrav



35

IV. Heterotic strings and (DF)? + YM + ¢’ field theory

Now incorporate gauge sector & gauge/gravity couplings of heterotic string

e single-trace gluon amplitudes: Ag‘%?(l, 2,...,n) =sv Agiper(1, ..., n)
[Stieberger, Taylor 1401.1218]

e various mixed gauge/gravity & double-trace amplitudes reduced to Ag.et?

[0S 1608.00130]

Suggests double-copy structure in color-dressed het. amplitudes ./\/l]%gﬁge,
bgrav
M%Ee;lﬁlge ~/ A?? ®KLT SV Aguggr
v bgrav ~ .
n gra{;itons n gluons adds spiﬁ one and
k gluons k scalars carries the SUSY
As an amplitude A99 D colored scalars “s” & e.g.

App(15,24,3,) ~ 67170
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Further examples of A9 (with colored scalar “s” & uncolored vectors “g”)

singls\trace doublje\trace
"FA1AsB FBA3Ay FAyAsB fBAJAL 20/ 54142 §A3 A4 b
A??<15725733743> — f f T f f +513{ / —|—Cy0<2,3,4>}
2812 2823 812<1 — 2« 812>

€9 - ]ﬁ)(€4 . ]Cg) n <€2 : ]~C3>(€4 . ]ﬁ)
S12 514 I — 2«

A??(lsa 297 387 49) — 5A1A3{ (
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Further examples of A9 (with colored scalar “s” & uncolored vectors “g”)

singls\trace doubka\trace
A1 AsB FBA3A FAyAsB fBAJA]T 7 20/ 54142 §A3 A4 b

A%<1872873874 ) f f + f f 813{ - / +CyC<2,3,4>}

1\ ¢3 2812 2823 512(1 — 2 812)

(DF)*+YM+

/ es - ki)(eq - k e - k3)(eq - k 20/

A}{(lsj 2g,35,4 ) — 6141143{( 2 1)( 4 3) _|_ ( 2 3)( 4 1) + <€2 . €4> _|_ f24 }
S192 S14 1 — 20/824

suggest extension of (DF)?+YM by bi-adjoint scalars ¢ = 5 0. A O L A

1 apv 1 a 1 abc rrav c
L prpivnie = §(DuF SOREE ZWQ(FW)Q -3/ CESE R
1 1 o 1 aab, o a v 1 « «
T 5 (D) = (") + SO ELENY 4 5 d et )
1 a a A abc f. a c 1 o La aa
4+ §D,u,¢ ADM¢A 4+ gfbfABC’gb Agbngb,C 4 590 ¢A¢bAO b I
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Further examples of A9 (with colored scalar “s” & uncolored vectors “g”)

singls\trace doubka\trace
A1 AsB FBA3A FAyAsB FBAJAT 20/ 54142 §A3 A4 b

Asr(1y, 2,35, 45) = s / + / / +313{ , +cyc(2,3,4)}

1\ ; 2812 2823 512(1 — 2 812)

DF +YM+¢

/ eo - ki)les- k es - ka)ley - k 20/

Ang(1s, 24,35, 44) = 5A1A3{( 2 ku)(es-ka) | (€2~ Rs)len- ki) + (e - e4) + Jou }
S192 S14 1 — 20/824

suggest extension of (DF)?+YM by bi-adjoint scalars ¢ = 5 0. A O L A

1 a v 1 a 1 aoc avrv C
Loorpivaes = 5 (D, FH)? — 1m2(FW)2 -3/ CESE R

1 1 1 1

4 = ( ) - m2<9004>2 4 = CozabgpangFbuu 4+ = daﬁygp&gpﬁw
2 2 2 3!
1 a a )\ abc . a C 1 o A aa

4 ED/L¢ADM¢A 4+ gf b/fABC¢A¢bB¢/C 4 §¢¢A¢b140 b I

o only A% 0 0 have tachyonic mode @ m? = —a/7! the qbaA are massless

e only color order w.r.t. Tr(t% .. ), not w.r.t. Te(#45 .. )

A(DF>2—|—YM‘|‘¢3(17 27 coce 7n) = M(DF>2—|—YM—|—¢3 |T1”<ta1t&2---tan>
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All mixed gluon /graviton amplitudes of heterotic string from (D F)?+YM+¢”,

het open
Mgitge ~ A( DF)24YM+¢3 XKLT SV Asgper
~ Dgrav a0 a0
n gra;/itons n glﬁons adds spiﬂ one and
k gluons k scalars carries the SUSY
_ 1 a pv N2 1 2/ a \2 1 abc prav b e
£(DF)2+YM+¢3 — 5 (DMF ) o Em (F,uu> o g f F,u FV F)x
1 1 1 1
+ 5 (Dugpa)2 . 5 m2<gpoz)2 4+ 5 CQabgOQF/jLVFb’LW 4+ 5 daﬁvgpagpﬁgpv

1 Qa a )\ abc r. a C 1 a a aa
—|——DM¢ADM¢A 4+ 5f b/fABC¢A¢bB¢/C 4+ —¢¢A¢bAC b

2 2 m2=—1
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All mixed gluon /graviton amplitudes of heterotic string from (D F)?+YM+¢”,

het open
Mgitge ~ A( DF)24YM+¢3 XKLT SV Asgper
~ Dgrav a0 a0
n gra%/itons n glﬁons adds spirll one and
k gluons k scalars carries the SUSY
_ 1 a pv N2 1 2/ a \2 1 abc rav b ocp
£(DF)2+YM+¢3 — 5 (DMF ) - Em <F,uu> o gf F,u FV F)x
1 )2 1 2(, a2 1 aab o ra b uv 1 afy o, B, v
5 (D)™ = 5mi (@) 4 G O E, T 4 o dTT gty
1 a L Q >\ abc r. a ) C 1 a a aab
_|_§DM¢AD;¢A 4+ 5f' b,,fABC¢ AgbquSC 4+ §¢¢A¢b%}cﬂ 1 T

The (DF )2+YM+¢3—theory is unique once we impose BCJ relations and
e limiting behaviour as o’ — 0 and o/ — oo

e relative normalization of het. single-trace vs. double-trace amplitudes

[Azevedo, Chiodaroli, Johansson, OS 1803.05452]
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V. Universal string interactions

Compare o-dependence in open-superstring vs. bosonic-string amplitudes
independent on o/

/G

Aggggr(la g, 77,—1, n; O/> — ZFOT(&/> ZSYM<17 T, n_la 773
TESn_g

Agggn(l,a,n—l,n;o/) = ZFOT(@/)\B(l,T,n—l,n;&’l
TES,_3 rational fet. of o

o’-expansion of disk integrals F,;7 (o) is “uniformly transcendental”

w® order in o/ —— Cnyno,....n, Of weight w =mny +no+ ... +ny

o’-expansion of B(...;a') = %/ (DF)2+YM<' .;a’): no MZVs

B(l, 2, 3; O/) — AYM(L 2, 3) — 40/ <61 : k2><€2 : ]{73)(63 : ]431)
91929394

f12f§’14 + Cyc(2,3,4> 2 o2 o2 }
$125713523

B(1,2,3,4;a") = Aym(1,2,3,4) — 40‘/513{{82
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V. Universal string interactions

Compare o/-dependence in open-superstring vs. bosonic-string amplitudes

( i (o )wMZVw) (AY,M + gauginos)

Asiper(. -1 ¢)

w=0(
identical (a/)? order for ext. bosons
00 00
AEESH(. .. ;o/> — ( (@/>wMZ\/w) (AYM + Z (O/>mBm)
w=0 m=1

eno MZVs: B(1,...,n;a’) = Aym(1, ... n)+> 00 (&))" By (1, ..., n)
e universal kinematics Ay @ “leading transcendentality”: MZV,, at (/)%

= leading-transcendentality interactions @ (o/)%(MZV),, are universal

to open superstring & bosonic string e.g. o/2GTr(FY) & o3¢ Tr(D? FA+F?)

[Huang, OS, Wen 1602.01674]
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V. Universal string interactions

Compare o-dependence in open-superstring vs. bosonic-string amplitudes

( i (o/)wMZVw) (AY,M + gauginos)

ASSSQI(. )

w=0
identical (/)" order for ext. bosons
00 00
AP al) = (D)2 ) (Ava+ Y (@) By
w=0 m=1

eno MZVs: B(1,...,n;a) = Ayp(L, ... n)+> o (&))" By (1, ..., n)
e universal kinematics Ay @ “leading transcendentality”: MZV,, at (/)%

e non-universal o/ YBp>1 < MZVy_m “subleading transcendentality”

= operators @ (/) (MZV )< only exist for bos. strings e.g. o/ Tr(F?)

[Huang, OS, Wen 1602.01674]
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V. Universal string interactions

Compare a/-dependence in gravitational amplitudes

does not alter weights, e.g. sv((3) = 23

l

Mg}f;gf( )~ (AYM +  gauginos ) SV (Z(o/)“’l\/lsz) (AYM + gauginos)
Mg (@) ~ ( Aya + Z(Oé')mBm) sV (Z(O/)WZW) (AYM + gauginos)

MEIg;ed( N~ (AFM n i(ap Bm) Sv ( : (@’)“’1\/12\/11)) (AxT(M + i(ozT’)mBm>

universal no MZVs universal no M7ZVs

3
q &

= leading-transcendentality interactions o/“MZV,, x D" R™

are universal to type-II superstrings, heterotic & bosonic strings

e.g. aSGRY & oG(DRHD?RO+RY) & o/S¢C2(DSRY 4 ..)
[Huang, OS, Wen 1602.01674]
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V. Universal string interactions

Compare a/-dependence in gravitational amplitudes

does not alter weights, e.g. sv((3) = 23

Mclosed ( ) A 4+ . l —~ / GV vAY A .
super ~ XM gauginos SV Z(Oﬂ ) ” YLM + gauginos

. w=0 .
M (o) ~ ( XM + Z(oi')mBm) SV (Z(a')wMZVw) (AXM + gauginos)
MEIgsed( ) ~ (A;’M — Z( /)mBm) SV (Z(@/)wszw) (A\I(M -+ Z(Q{/)mBm>
universal no MZ7ZVs universal no MZVs
@ subleading transcendentality a/“MZV,y,<w. operators only

only exist for bosonic or heterotic strings e.g. o/ R? & o/*R?
[Huang, OS, Wen 1602.01674]
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V1. Conclusions & Outlook

e generated all massless tree amplitudes of superstrings, bosonic strings

and heterotic strings from field-theory double-copy “®q1”

string B gauge theory: possibly 2 disk integrals or
amplitudes /| =\ with (DF)*/¢> extension KLT \ sv(open strings)

QKLT SYM (DF)?+YM (DF)?+YM+¢°
Z-theory open superstring open bosonic string | comp(open bos. string)
SU?DZI(“(S)S“?E o) closed superstring | heterotic string (grav) | het. string (gauge/grav)
b (iv (St%erlllg) heterotic string (grav) | closed bosonic string | comp(closed bos. string)
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V1. Conclusions & Outlook

e cenerated all massless tree amplitudes of superstrings, bosonic strings

and heterotic strings from field-theory double-copy “®w17”
string B gauge theory: possibly 2 disk integrals or
amplitudes ) —  \ with (DF)?/¢* extension KLT \ sv(open strings)

e corollary: highest-transcendentality interactions (o) (MZV )y, x D?* R™

@ tree level are universal to type-11, heterotic, and bosonic string theories

— conditio sine qua non in quantum gravity”’

e also at one loop: evidence for double-copy structure of open superstrings

— generic property at loop level? simplify higher-genus calculations?
[Mafra, OS 1711.09104 & 1812.109{69,70,71}]



