
Jerome Gauntlett

Geometric Extremization for 
AdS/CFT and Black Hole Entropy

Chris Couzens, JPG, Dario Martelli, James Sparks

JPG, Dario Martelli, James Sparks   x  3



SCFTs with abelian R-symmetry

The R-symmetry encodes important exact results for physical 
observables. E.g. 

{Q,Q} ⇠ P
<latexit sha1_base64="/kvGH4FH3AADCkBvjzyBsZ03bsM=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgQspMK+iy6MZlC/YBnUEyaaYNTTJjkimUod/hxoUibv0Yd/6N6QPR1gOBwznncm9OmHCmjet+Obm19Y3Nrfx2YWd3b/+geHjU0nGqCG2SmMeqE2JNOZO0aZjhtJMoikXIaTsc3k799ogqzWJ5b8YJDQTuSxYxgo2VAj9rXDT8ia+ZQPWHYsktuzOgH+ItkxIsYPOffi8mqaDSEI617npuYoIMK8MIp5OCn2qaYDLEfdq1VGJBdZDNjp6gM6v0UBQr+6RBM/X3RIaF1mMR2qTAZqCXvan4n9dNTXQdZEwmqaGSzBdFKUcmRtMGUI8pSgwfW4KJYvZWRAZYYWJsTwVbwsqXV0mrUvaq5UrjslS7WdSRhxM4hXPw4ApqcAd1aAKBR3iCF3h1Rs6z8+a8z6M5ZzFzDH/gfHwD+aORlA==</latexit>

{S, S} ⇠ K
<latexit sha1_base64="FpvTexW1mbKDuKgBaXdLUm3DNNk=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcImCnoMehG8RGIekF3C7GQ2GTIzu87MBsKS7/DiQRGvfow3/8bJA9HEgoaiqpvuriDmTBvX/XIyK6tr6xvZzdzW9s7uXn7/oKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLiZ+M0hVZpF8sGMYuoL3JMsZAQbK/leWjureWNPM4HuOvmCW3SnQD+ktEgKMEe1k//0uhFJBJWGcKx1u+TGxk+xMoxwOs55iaYxJgPco21LJRZU++n06DE6sUoXhZGyJQ2aqr8nUiy0HonAdgps+nrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNEkAdZmixPCRJZgoZm9FpI8VJsbmlLMhLL28TBrlYum8WL6/KFSu53Fk4QiO4RRKcAkVuIUq1IHAIzzBC7w6Q+fZeXPeZ60ZZz5zCH/gfHwD+EORkw==</latexit>

{Q,S} ⇠ M +D +R
<latexit sha1_base64="+6963xP/dEg3dxoqpxk3k6Rif7s=">AAAB+nicbVDLSgMxFM34rPU11aWbYBGESpmpgi6LunAjtGof0BlKJs20oUlmSDJKGfspblwo4tYvceffmD4QbT1w4XDOvdx7TxAzqrTjfFkLi0vLK6uZtez6xubWtp3bqasokZjUcMQi2QyQIowKUtNUM9KMJUE8YKQR9C9GfuOeSEUjcacHMfE56goaUoy0kdp2zkurR7fe0FOUw+vCZeGmbeedojMG/CHuLMmDKSpt+9PrRDjhRGjMkFIt14m1nyKpKWZkmPUSRWKE+6hLWoYKxIny0/HpQ3hglA4MI2lKaDhWf0+kiCs14IHp5Ej31Kw3Ev/zWokOz/yUijjRRODJojBhUEdwlAPsUEmwZgNDEJbU3ApxD0mEtUkra0KYe3me1EtF97hYqp7ky+fTODJgD+yDQ+CCU1AGV6ACagCDB/AEXsCr9Wg9W2/W+6R1wZrO7II/sD6+AX13ktg=</latexit>

• For chiral primary operators

• Central charges/free energies can be obtained from R
<latexit sha1_base64="kI4MdJ0PyCzKqqaZZYyiuPf1uds=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4TMTGQLGF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cfJANLGgoajqprsrSATXxnW/nNzK6tr6Rn6zsLW9s7tX3D9o6jhVDBssFrFqBVSj4BIbhhuBrUQhjQKB98HweuLfP6LSPJZ3ZpSgH9G+5CFn1FipftstltyyOwX5Id4iKcEctW7xs9OLWRqhNExQrduemxg/o8pwJnBc6KQaE8qGtI9tSyWNUPvZ9NAxObFKj4SxsiUNmaq/JzIaaT2KAtsZUTPQi95E/M9rpya89DMuk9SgZLNFYSqIicnka9LjCpkRI0soU9zeStiAKsqMzaZgQ1h6eZk0K2XvrFypn5eqV/M48nAEx3AKHlxAFW6gBg1ggPAEL/DqPDjPzpvzPmvNOfOZQ/gD5+Mbr12M2w==</latexit>

Furthermore,  the R-symmetry can be obtained by variational 
techniques.

�(O) = nR(O)
<latexit sha1_base64="VrqgDmZlouDS3/Y9ravxtY19FrU=">AAACDXicbVA9SwNBEJ2LXzF+nVraLEYhNuESBW2EoBZ2RjEfkAthb7NJluztHbt7QjjyB2z8KzYWitja2/lv3EuCmMQHA4/3ZpiZ54WcKe0431ZqYXFpeSW9mllb39jcsrd3qiqIJKEVEvBA1j2sKGeCVjTTnNZDSbHvcVrz+peJX3ugUrFA3OtBSJs+7grWYQRrI7XsA/eKco1zro91j2Ae3wyPzgW6mxJadtbJOyOgX1KYJVmYoNyyv9x2QCKfCk04VqpRcELdjLHUjHA6zLiRoiEmfdylDUMF9qlqxqNvhujQKG3UCaQpodFI/TsRY1+pge+ZzuRGNesl4n9eI9Kds2bMRBhpKsh4USfiSAcoiQa1maRE84EhmEhmbkWkhyUm2gSYMSHMvTxPqsV84ThfvD3Jli4mcaRhD/YhBwU4hRJcQxkqQOARnuEV3qwn68V6tz7GrSlrMrMLU7A+fwBVYpsX</latexit>



N = 1, d = 4

N = (0, 2), d = 2

a-maximization

a(RT ) =
9

32
TrR3

T � 3

32
TrRT a = a(R⇤)and

c-extremization

cR(RT ) = 3Tr�3R
2
T cR = cR(R⇤)

[Intriligator,Wecht 03]   

[Benini,Bobev 12]   

F-extremization

FS3(RT ) FS3 = FS3(R⇤)and

[Jafferis 10]   N = 2, d = 3

N = 2, d = 1 Is there a general extremization 
principle for susy QM?? 



N = 2, d = 3

  -extremization conjecture:

Compactify                         SCFT on Riemann surface          
with a topological twist  - flows to SQM in IR

⌃g

“Topologically twisted index” on                                            
can be obtained via an extremization principle in large N limit

S1 ⇥ ⌃g

[Benini,Hristov,Zaffaroni 15]   I

Also: if the N=2 SCFT has an             dual, the on-shell result for 
the index is conjectured to give entropy of susy magnetically 
charged           black holes with                     near horizon           AdS4

[Benini,Zaffaroni 15]   

Provides a microscopic state counting derivation of the 
Bekenstein-Hawking entropy for asymptotically AdS black holes!

AdS4

N = 2, d = 1

AdS2 ⇥ ⌃g



ds210 = L2[ds2(AdS5) + ds2(SE5)]
<latexit sha1_base64="1Xl/cPWClmTpH4gP+gXST9l3PFE="></latexit>

F5 = �L4 [volAdS5 + volSE5 ]
<latexit sha1_base64="fRRAGDzH8oUYREyDCVus6RSmQzc="></latexit>

G = L3volAdS4
<latexit sha1_base64="XRIm+eZZdx4DeCxOtzdslg+rWKI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRa0I1QdaELFxXtA9oYJpNJO3SSCTOTQglduPFX3LhQxK0f4c6/cdIW0dYDFw7n3Mu993gxo1JZ1peRW1hcWl7JrxbW1jc2t8ztnYbkicCkjjnjouUhSRiNSF1RxUgrFgSFHiNNr3+R+c0BEZLy6E4NY+KEqBvRgGKktOSaxUt4Cq/vjwacuWknRKonwvTMvx25lZFrlqyyNQb8IfYsKYEpaq752fE5TkISKcyQlG3bipWTIqEoZmRU6CSSxAj3UZe0NY1QSKSTjp8YwX2t+DDgQlek4Fj9PZGiUMph6OnO7Ew562Xif147UcGJk9IoThSJ8GRRkDCoOMwSgT4VBCs21ARhQfWtEPeQQFjp3Ao6hLmX50njsGwfla2bSql6Po0jD4pgDxwAGxyDKrgCNVAHGDyAJ/ACXo1H49l4M94nrTljOrML/sD4+AaS1Zdt</latexit>

Type IIB

D=11

Dual to N=1SCFT in d=4

Dual to N=2 SCFT in d=3

D3
CY3

SE5

M2
SE7

CY4

Holographic dual for these extremization principles?
Well established in the context of Sasaki-Einstein solutions:

Fact: SE have canonical Killing vector ⇠
<latexit sha1_base64="oSZOIxJ6b1gZbNzO2vRZ5GuKaWQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmgckS5idzCZDZmeXmV4xLPkELx4U8eoXefNvnDwQTSxoKKq66e4KEikMuu6Xk1tZXVvfyG8WtrZ3dveK+wcNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HweuI3H7g2Ilb3OEq4H9G+EqFgFK1013kU3WLJLbtTkB/iLZISzFHrFj87vZilEVfIJDWm7bkJ+hnVKJjk40InNTyhbEj7vG2pohE3fjY9dUxOrNIjYaxtKSRT9fdERiNjRlFgOyOKA7PoTcT/vHaK4aWfCZWkyBWbLQpTSTAmk79JT2jOUI4soUwLeythA6opQ5tOwYaw9PIyaVTK3lm5cnteql7N48jDERzDKXhwAVW4gRrUgUEfnuAFXh3pPDtvzvusNefMZw7hD5yPb16hjdo=</latexit>

ds211 = L2[ds2(AdS4) + ds2(SE7)]

dr2 + r2ds2(SE5)



                          SCFT dual to                        : 

R can be obtained using volume minimization:

Go off-shell:

[Martelli,Sparks,Yau 05]   

N = 1, d = 4

N = 2, d = 3

AdS5 ⇥ SE5

AdS4 ⇥ SE7

a / 1

V ol(SE5)

Consider Sasaki metrics (cone is Kahler)

Extremize V ol(Sas)(⇠)

c-extremization for            solutions dual to N = (0, 2), d = 2

New principle for            solutions dual to           

Very useful for identifying dual SCFTs!

FS3 / 1p
V ol(SE7)

                  SCFT dual to                        : 

Here: geometric duals for

AdS3

AdS2 N = 2, d = 1

Includes a dual of    - extremization as a special case and hence 
microstates of infinite classes of AdS4 black holes

I



D=11

Type IIB

Dual d=2 SCFT has (0,2) supersymmetry 

F5 = �L4 [volAdS3 ^ F + ⇤7F ]
<latexit sha1_base64="xs03kziIIOND1RLZ1+ESgK7q5gE="></latexit>

Dual SCQM has 2 supersymmetries with R-symmetry

Also can arise as near horizon limits of magnetically charged 
supersymmetric black holes in                       

[Kim 05]   

[Kim,Park 06]   

G4 = L3volAdS2 ^ F
<latexit sha1_base64="AchRFkKjRuddf8lhHeIjmsZOxvM=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhDwFCYL6EWICurBQ0SzQBKHnp5K0qRnobsnEoZ8gRd/xYsHRbx69ubf2JME0cQHBY/3qqiqZwecSWWaX0ZiYXFpeSW5mlpb39jcSm/v1KQfCgpV6nNfNGwigTMPqoopDo1AAHFtDnW7fxb79QEIyXzvVg0DaLuk67EOo0RpyUpnL6wSPsZXd8WBz62o5RLVE2504tyMrMKodQ9OF/C5lc6YOXMM/EPysySDpqhY6c+W49PQBU9RTqRs5s1AtSMiFKMcRqlWKCEgtE+60NTUIy7IdjR+Z4SzWnFwxxe6PIXH6u+JiLhSDl1bd8bnylkvFv/zmqHqHLUj5gWhAo9OFnVCjpWP42ywwwRQxYeaECqYvhXTHhGEKp1gSocw9/I8qRVy+WLOvC5lyqfTOJJoD+2jA5RHh6iMLlEFVRFFD+gJvaBX49F4Nt6M90lrwpjO7KI/MD6+AZCZmzA=</latexit>

ds211 = L2e�2B/3
⇥
ds2(AdS2) + ds2(Y9)

⇤
<latexit sha1_base64="IWHeUD3bsQopye+SSG6DFD12As8="></latexit>

Both special cases of GK geometry

ds210 = L2e�B/2[ds2(AdS3) + ds2(Y7)]

AdS4 ⇥ SE7

(Y2n+1, gµ⌫ , B, F )

[Gauntlett,Kim 07]   



Infinite classes of explicit                      and                                   

Until recently dual field theories essentially unknown!

• Introduce GK geometry

[Gauntlett,MacConamhna,Mateos,Waldram 06]   

[Gauntlett,Kim,Waldram 06]   

[Donos,Gauntlett,Kim 08]   

• Go off-shell and derive new geometric extremization principles

Plan

• Utilise toric geometry to further analyse special classes  

[Benini,Bobev,Crichigno 15]   

AdS3 ⇥ Y7 AdS2 ⇥ Y9

Some results for  Y7

solutions have been known for a while 

Identify all dual field theories and black hole microstates 
(almost!)



GK Geometry [Gauntlett,Kim 07]   

Action:

S =

Z

Y2n+1

e(1�n)B


R2n+1 �

2n

(n� 2)2
+

n(2n� 3)

2
(dB)2 +

1

4
e2BF 2

�
vol2n+1

<latexit sha1_base64="dqw0frXxMkSJFwRKL5SlkSP86FA="></latexit>

Supersymmetry - existence of certain Killing spinors

Equations of motion: �S = 0

(Y2n+1, gµ⌫ , B, F )

F = dA



• Killing vector        (R-symmetry)   

Supersymmetry implies:

GK Geometry (Y2n+1, B, F )
<latexit sha1_base64="zDm/x/IqMivu9YQmM924CK87oFw=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSBEDGE3CnoMEcRjBPOQZFlmJ5NkyOzsMjMbCEv+xIsHRbz6J978GycPRBMLGoqqbrq7gpgzpR3ny1pZXVvf2MxsZbd3dvf27YPDuooSSWiNRDySzQArypmgNc00p81YUhwGnDaCwc3EbwypVCwSD3oUUy/EPcG6jGBtJN+2849+WhLn7riAKgV0e+bbOafoTIF+iLtIcjBH1bc/252IJCEVmnCsVMt1Yu2lWGpGOB1n24miMSYD3KMtQwUOqfLS6eVjdGqUDupG0pTQaKr+nkhxqNQoDExniHVfLXoT8T+vlejutZcyESeaCjJb1E040hGaxIA6TFKi+cgQTCQztyLSxxITbcLKmhCWXl4m9VLRvSg695e5cmUeRwaO4QTy4MIVlOEOqlADAkN4ghd4tVLr2Xqz3metK9Z85gj+wPr4BjNdkWs=</latexit>

⇠
<latexit sha1_base64="HXlNk8ecLobpp2lSzUrynAHBtY0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4jmgckS5id9CZDZmeXmVkxLPkELx4U8eoXefNvnDwQTSxoKKq66e4KEsG1cd0vJ7eyura+kd8sbG3v7O4V9w8aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmAyrNY3lvRgn6Ee1LHnJGjZXuOo+8Wyy5ZXcK8kO8RVKCOWrd4menF7M0QmmYoFq3PTcxfkaV4UzguNBJNSaUDWkf25ZKGqH2s+mpY3JilR4JY2VLGjJVf09kNNJ6FAW2M6JmoBe9ifif105NeOlnXCapQclmi8JUEBOTyd+kxxUyI0aWUKa4vZWwAVWUGZtOwYaw9PIyaZyVvfOye1spVa/mceThCI7hFDy4gCrcQA3qwKAPT/ACr45wnp03533WmnPmM4fwB87HN139jdg=</latexit>

||⇠||2 = 1
<latexit sha1_base64="5Mqif5dfIxKvoUTqHdIIiFEYGoA=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6EUIevEYwTxgs4bZyWwyZHZmmekVwyaf4cWDIl79Gm/+jZMHookFDUVVN91dYSK4Adf9cpaWV1bX1nMb+c2t7Z3dwt5+3ahUU1ajSijdDIlhgktWAw6CNRPNSBwK1gj712O/8cC04UrewSBhQUy6kkecErCSPxy2HvlweF++9NqFoltyJ8A/xJsnRTRDtV34bHUUTWMmgQpijO+5CQQZ0cCpYKN8KzUsIbRPusy3VJKYmSCbnDzCx1bp4EhpWxLwRP09kZHYmEEc2s6YQM/Me2PxP89PIboIMi6TFJik00VRKjAoPP4fd7hmFMTAEkI1t7di2iOaULAp5W0ICy8vknq55J2W3NuzYuVqFkcOHaIjdII8dI4q6AZVUQ1RpNATekGvDjjPzpvzPm1dcmYzB+gPnI9vDUCRFg==</latexit>

• Local coordinates                    and                                  ⇠ =
1

c
@z

<latexit sha1_base64="rP7CGe+YyhGtjtVCc51/Zrk6hps=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4KokKuhGKblxWsA9oQphMJ+3QyYOZiVhDFm78FTcuFHHrR7jzb5y0RbT1wIXDOffO3Hv8hDOpLOvLWFhcWl5ZLa2V1zc2t7bNnd2WjFNBaJPEPBYdH0vKWUSbiilOO4mgOPQ5bfvDy8Jv31IhWRzdqFFC3RD3IxYwgpWWPLPi3DF0jpxAYJLZeUZyJ8FCMcy9e8+sWjVrDPRD7FlShSkanvnp9GKShjRShGMpu7aVKDcr3iOc5mUnlTTBZIj7tKtphEMq3Wx8RI4OtNJDQSx0RQqN1d8TGQ6lHIW+7gyxGshZrxD/87qpCs7cjEVJqmhEJh8FKUcqRkUiqMcEJYqPNMFEML0rIgOs81A6t7IOYe7kedI6qtnHNev6pFq/mMZRggrswyHYcAp1uIIGNIHAAzzBC7waj8az8Wa8T1oXjOnMHvyB8fENmlmYFA==</latexit>

c = 1
2 (n� 2)

<latexit sha1_base64="o+EmaLOMhSTx4cPyIEr+IZEtQGg=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEurAkVdCNUHTjsoJ9QBvKZDpph04mYeZGKCHgr7hxoYhbv8Odf+P0gWjrgQuHc+7l3nv8WHANjvNl5ZaWV1bX8uuFjc2t7R17d6+ho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x/ejP3mA1OaR/IeRjHzQtKXPOCUgJG69gG9wrgDgSI0dbO0kpXkaeWkaxedsjMB/iHuPCmiGWpd+7PTi2gSMglUEK3brhODlxIFnAqWFTqJZjGhQ9JnbUMlCZn20sn5GT42Sg8HkTIlAU/U3xMpCbUehb7pDAkM9Lw3Fv/z2gkEl17KZZwAk3S6KEgEhgiPs8A9rhgFMTKEUMXNrZgOiIkCTGIFE8LCy4ukUSm7Z2Xn7rxYvZ7FkUeH6AiVkIsuUBXdohqqI4pS9IRe0Kv1aD1bb9b7tDVnzWb20R9YH98Kq5Q9</latexit>

⇤R = 1
2R

2 �RijR
ij

<latexit sha1_base64="oZMcMbuRsmuRduz9P0yF5lsDaMM=">AAACEHicbZC7TsMwFIYdrqXcAowsFhWChSopSLAgVWVhLBW9SG2IHNdpTZ04sh1EFeURWHgVFgYQYmVk421w2gpBy5Fsffr/c2Sf34sYlcqyvoy5+YXFpeXcSn51bX1j09zabkgeC0zqmDMuWh6ShNGQ1BVVjLQiQVDgMdL0BheZ37wjQlIeXqthRJwA9ULqU4yUllzzoFPh97AGz2FH+QLhxE6TUlq7KcEjWHMTeqs5u12zYBWtUcEfsKehACZVdc3PTpfjOCChwgxJ2batSDkJEopiRtJ8J5YkQniAeqStMUQBkU4yWiiF+1rpQp8LfUIFR+rviQQFUg4DT3cGSPXltJeJ/3ntWPlnTkLDKFYkxOOH/JhBxWGWDuxSQbBiQw0IC6r/CnEf6VyUzjCvQ5hZeRYapaJ9XLSuTgrlyiSOHNgFe+AQ2OAUlMElqII6wOABPIEX8Go8Gs/Gm/E+bp0zJjM74E8ZH9+Mjput</latexit>

• Supersymmetric solution if 

Kahler

eB =
c2

2
R > 0

⌘• Define one-form     dual to Killing vector:                                   

⌘ = c(dz + P )
<latexit sha1_base64="VcRIveWtcKSTV7jzps6aWGG/H2s=">AAAB83icbVDJSgNBEO2JW4xb1KOXxiBEhDBRQS9C0IvHCGaBzBB6emqSJj0L3TVCHPIbXjwo4tWf8ebf2FkQTXxQ8Hiviqp6XiKFRtv+snJLyyura/n1wsbm1vZOcXevqeNUcWjwWMaq7TENUkTQQIES2okCFnoSWt7gZuy3HkBpEUf3OEzADVkvEoHgDI3kOIDsipf9x5P6cbdYsiv2BPSHVOdJicxQ7xY/HT/maQgRcsm07lTtBN2MKRRcwqjgpBoSxgesBx1DIxaCdrPJzSN6ZBSfBrEyFSGdqL8nMhZqPQw90xky7Ot5byz+53VSDC7dTERJihDx6aIglRRjOg6A+kIBRzk0hHElzK2U95liHE1MBRPCwsuLpHlaqZ5V7LvzUu16FkeeHJBDUiZVckFq5JbUSYNwkpAn8kJerdR6tt6s92lrzprN7JM/sD6+Ab//kNU=</latexit>

ds22n+1 = ⌘2 + eBds22n
<latexit sha1_base64="n32gebKYM+ekcAfB+ElB7365ECE=">AAACDnicbVDJSgNBEO2JW4zbqEcvjSEgBMJMFPQihHjxGMEskI2eTiVp0tMzdPcIYZgv8OKvePGgiFfP3vwbO4uiiQ8KHu9VUVXPCzlT2nE+rdTK6tr6Rnozs7W9s7tn7x/UVBBJClUa8EA2PKKAMwFVzTSHRiiB+B6Huje6mvj1O5CKBeJWj0No+2QgWJ9Roo3UtXM91Sl246LIuwm+bIEmnSLOY+jE5QR/e0nXzjoFZwr8Q9xFkkVzVLr2R6sX0MgHoSknSjVdJ9TtmEjNKIck04oUhISOyACahgrig2rH03cSnDNKD/cDaUpoPFV/T8TEV2rse6bTJ3qoFr2J+J/XjHT/oh0zEUYaBJ0t6kcc6wBPssE9JoFqPjaEUMnMrZgOiSRUmwQzJoSll5dJrVhwTwvOzVm2VJ7HkUZH6BidIBedoxK6RhVURRTdo0f0jF6sB+vJerXeZq0paz5ziP7Aev8CHtiaQw==</latexit>

d⌘ = c⇢
<latexit sha1_base64="A4Hbhbhwa8oe4Wigu0ZuvC4XH34=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lU0ItQ9OKxgv2AJpTNZtMu3eyG3YlQQv+GFw+KePXPePPfuGmLaOuDgcd7M8zMC1PBDbjul1NaWV1b3yhvVra2d3b3qvsHbaMyTVmLKqF0NySGCS5ZCzgI1k01I0koWCcc3RZ+55Fpw5V8gHHKgoQMJI85JWAlP/IZkGvq66Gq9Ks1t+5OgX+It0hqaI5mv/rpR4pmCZNABTGm57kpBDnRwKlgk4qfGZYSOiID1rNUkoSZIJ/ePMEnVolwrLQtCXiq/p7ISWLMOAltZ0JgaBa9QvzP62UQXwU5l2kGTNLZojgTGBQuAsAR14yCGFtCqOb2VkyHRBMKNqYihKWXl0n7rO6d1937i1rjZh5HGR2hY3SKPHSJGugONVELUZSiJ/SCXp3MeXbenPdZa8mZzxyiP3A+vgFg4ZE+</latexit>

J, ⇢
⇢ij = Ji

kRkj

n � 3

⇠a⌘a = 1

• In general                   

F = �1

c
J + d

�
e�B⌘

�

,�S = 0



Off shell GK Geometry

⌘ = c(dz + P )
<latexit sha1_base64="VcRIveWtcKSTV7jzps6aWGG/H2s=">AAAB83icbVDJSgNBEO2JW4xb1KOXxiBEhDBRQS9C0IvHCGaBzBB6emqSJj0L3TVCHPIbXjwo4tWf8ebf2FkQTXxQ8Hiviqp6XiKFRtv+snJLyyura/n1wsbm1vZOcXevqeNUcWjwWMaq7TENUkTQQIES2okCFnoSWt7gZuy3HkBpEUf3OEzADVkvEoHgDI3kOIDsipf9x5P6cbdYsiv2BPSHVOdJicxQ7xY/HT/maQgRcsm07lTtBN2MKRRcwqjgpBoSxgesBx1DIxaCdrPJzSN6ZBSfBrEyFSGdqL8nMhZqPQw90xky7Ot5byz+53VSDC7dTERJihDx6aIglRRjOg6A+kIBRzk0hHElzK2U95liHE1MBRPCwsuLpHlaqZ5V7LvzUu16FkeeHJBDUiZVckFq5JbUSYNwkpAn8kJerdR6tt6s92lrzprN7JM/sD6+Ab//kNU=</latexit>

d⌘ = c⇢
<latexit sha1_base64="A4Hbhbhwa8oe4Wigu0ZuvC4XH34=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lU0ItQ9OKxgv2AJpTNZtMu3eyG3YlQQv+GFw+KePXPePPfuGmLaOuDgcd7M8zMC1PBDbjul1NaWV1b3yhvVra2d3b3qvsHbaMyTVmLKqF0NySGCS5ZCzgI1k01I0koWCcc3RZ+55Fpw5V8gHHKgoQMJI85JWAlP/IZkGvq66Gq9Ks1t+5OgX+It0hqaI5mv/rpR4pmCZNABTGm57kpBDnRwKlgk4qfGZYSOiID1rNUkoSZIJ/ePMEnVolwrLQtCXiq/p7ISWLMOAltZ0JgaBa9QvzP62UQXwU5l2kGTNLZojgTGBQuAsAR14yCGFtCqOb2VkyHRBMKNqYihKWXl0n7rO6d1937i1rjZh5HGR2hY3SKPHSJGugONVELUZSiJ/SCXp3MeXbenPdZa8mZzxyiP3A+vgFg4ZE+</latexit>

Continue off-shell: just demand a “supersymmetric geometry”

ds22n+1 = ⌘2 + eBds22n
<latexit sha1_base64="n32gebKYM+ekcAfB+ElB7365ECE=">AAACDnicbVDJSgNBEO2JW4zbqEcvjSEgBMJMFPQihHjxGMEskI2eTiVp0tMzdPcIYZgv8OKvePGgiFfP3vwbO4uiiQ8KHu9VUVXPCzlT2nE+rdTK6tr6Rnozs7W9s7tn7x/UVBBJClUa8EA2PKKAMwFVzTSHRiiB+B6Huje6mvj1O5CKBeJWj0No+2QgWJ9Roo3UtXM91Sl246LIuwm+bIEmnSLOY+jE5QR/e0nXzjoFZwr8Q9xFkkVzVLr2R6sX0MgHoSknSjVdJ9TtmEjNKIck04oUhISOyACahgrig2rH03cSnDNKD/cDaUpoPFV/T8TEV2rse6bTJ3qoFr2J+J/XjHT/oh0zEUYaBJ0t6kcc6wBPssE9JoFqPjaEUMnMrZgOiSRUmwQzJoSll5dJrVhwTwvOzVm2VJ7HkUZH6BidIBedoxK6RhVURRTdo0f0jF6sB+vJerXeZq0paz5ziP7Aev8CHtiaQw==</latexit>

(doesn’t extremize action    )

)
<latexit sha1_base64="QuAjNk8JEA5gUg9YGclzt+jRSV8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cqthbSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x+4Fo64OBx3szzMwLUykMuu6XU1haXlldK66XNja3tnfKu3tNozLNeIMpqXQrpIZLkfAGCpS8lWpO41Dy+3BwNfbvH7g2QiV3OEx5ENNeIiLBKFrJb9+KXh+p1uqxU664VXcC8kO8eVKBGeqd8me7q1gW8wSZpMb4nptikFONgkk+KrUzw1PKBrTHfUsTGnMT5JOTR+TIKl0SKW0rQTJRf0/kNDZmGIe2M6bYN/PeWPzP8zOMLoJcJGmGPGHTRVEmCSoy/p90heYM5dASyrSwtxLWp5oytCmVbAgLLy+S5knVO626N2eV2uUsjiIcwCEcgwfnUINrqEMDGCh4ghd4ddB5dt6c92lrwZnN7MMfOB/fkzORcA==</latexit>

⇤R = 1
2R

2 �RijR
ij

<latexit sha1_base64="oZMcMbuRsmuRduz9P0yF5lsDaMM=">AAACEHicbZC7TsMwFIYdrqXcAowsFhWChSopSLAgVWVhLBW9SG2IHNdpTZ04sh1EFeURWHgVFgYQYmVk421w2gpBy5Fsffr/c2Sf34sYlcqyvoy5+YXFpeXcSn51bX1j09zabkgeC0zqmDMuWh6ShNGQ1BVVjLQiQVDgMdL0BheZ37wjQlIeXqthRJwA9ULqU4yUllzzoFPh97AGz2FH+QLhxE6TUlq7KcEjWHMTeqs5u12zYBWtUcEfsKehACZVdc3PTpfjOCChwgxJ2batSDkJEopiRtJ8J5YkQniAeqStMUQBkU4yWiiF+1rpQp8LfUIFR+rviQQFUg4DT3cGSPXltJeJ/3ntWPlnTkLDKFYkxOOH/JhBxWGWDuxSQbBiQw0IC6r/CnEf6VyUzjCvQ5hZeRYapaJ9XLSuTgrlyiSOHNgFe+AQ2OAUlMElqII6wOABPIEX8Go8Gs/Gm/E+bp0zJjM74E8ZH9+Mjput</latexit>

eB =
c2

2
R > 0d⌘ = c⇢

<latexit sha1_base64="A4Hbhbhwa8oe4Wigu0ZuvC4XH34=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lU0ItQ9OKxgv2AJpTNZtMu3eyG3YlQQv+GFw+KePXPePPfuGmLaOuDgcd7M8zMC1PBDbjul1NaWV1b3yhvVra2d3b3qvsHbaMyTVmLKqF0NySGCS5ZCzgI1k01I0koWCcc3RZ+55Fpw5V8gHHKgoQMJI85JWAlP/IZkGvq66Gq9Ks1t+5OgX+It0hqaI5mv/rpR4pmCZNABTGm57kpBDnRwKlgk4qfGZYSOiID1rNUkoSZIJ/ePMEnVolwrLQtCXiq/p7ISWLMOAltZ0JgaBa9QvzP62UQXwU5l2kGTNLZojgTGBQuAsAR14yCGFtCqOb2VkyHRBMKNqYihKWXl0n7rO6d1937i1rjZh5HGR2hY3SKPHSJGugONVELUZSiJ/SCXp3MeXbenPdZa8mZzxyiP3A+vgFg4ZE+</latexit>

Kahler

⇠a⌘a = 1

F = �1

c
J + d

�
e�B⌘

�

S

�S = 0



Off-shell GK Geometry

• Consider cone metric on C(Y2n+1) ⌘ R>0 ⇥ Y2n+1
<latexit sha1_base64="s4QXdNjI6exT/IIVq+n7mQAlgOw=">AAACGXicbVDLSsNAFJ3UV62vqks3g0WoCCWpgq6k2I3LKvYhTQiT6aQdOpnEmUmhhPyGG3/FjQtFXOrKv3H6ULT1wIXDOfdy7z1exKhUpvlpZBYWl5ZXsqu5tfWNza389k5DhrHApI5DFoqWhyRhlJO6ooqRViQICjxGml6/OvKbAyIkDfmNGkbECVCXU59ipLTk5s1q8dZNyvzISg9tchfTAbQDpHqel1ynbnJupraiAZHwu8vNF8ySOQb8IdYsKYApam7+3e6EOA4IV5ghKduWGSknQUJRzEias2NJIoT7qEvamnKktznJ+LMUHmilA/1Q6OIKjtXfEwkKpBwGnu4cXS1nvZH4n9eOlX/mJJRHsSIcTxb5MYMqhKOYYIcKghUbaoKwoPpWiHtIIKx0mDkdwtzL86RRLlnHJfPqpFC5mMaRBXtgHxSBBU5BBVyCGqgDDO7BI3gGL8aD8WS8Gm+T1owxndkFf2B8fAHZkp+X</latexit>

ds22n+2 = dr2 + r2ds2(Y2n+1)
<latexit sha1_base64="NqHsT9ljIZXCloQjC1ed+TEBjPk=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsFEoSBd0IRTcuK9iHtGmYTKbt0MkkzEyEEvoJbvwVNy4UcevSnX/jpC2i1QP3cjjnXmbu8WNGpbKsTyO3sLi0vJJfLaytb2xumds7DRklApM6jlgkWj6ShFFO6ooqRlqxICj0GWn6w8vMb94RIWnEb9QoJm6I+pz2KEZKS555GMiu46UOLztjeA4D0XVgGWY9M0q3E8seH3lm0apYE8BvYs+TIpih5pkfnSDCSUi4wgxJ2batWLkpEopiRsaFTiJJjPAQ9UlbU45CIt10ctAYHmglgL1I6OIKTtSfGykKpRyFvp4MkRrIeS8T//PaieqduSnlcaIIx9OHegmDKoJZOjCggmDFRpogLKj+K8QDJBBWOsOCDuHPyX9Jw6nYxxXr+qRYvZjFkQd7YB+UgA1OQRVcgRqoAwzuwSN4Bi/Gg/FkvBpv09GcMdvZBb9gvH8BkzqZww==</latexit>

• Cone has an integrable complex structure

 
<latexit sha1_base64="ZSszyI6n+dvXqA++dDa748HxCqA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mqoMeiF48VbC20S8mms21okl2SrFCW/gUvHhTx6h/y5r8x2xbR1gcDj/dmmJkXJoIb6/tfXmFldW19o7hZ2tre2d0r7x+0TJxqhk0Wi1i3Q2pQcIVNy63AdqKRylDgQzi6yf2HR9SGx+rejhMMJB0oHnFGbS51G4b3yhW/6k9BfkhtkVRgjkav/NntxyyVqCwT1JhOzU9skFFtORM4KXVTgwllIzrAjqOKSjRBNr11Qk6c0idRrF0pS6bq74mMSmPGMnSdktqhWfRy8T+vk9roKsi4SlKLis0WRakgNib546TPNTIrxo5Qprm7lbAh1ZRZF0/JhbD08jJpnVVr51X/7qJSv57HUYQjOIZTqMEl1OEWGtAEBkN4ghd49aT37L1577PWgjefOYQ/8D6+AfWIji0=</latexit>

d = 0
<latexit sha1_base64="VentG3r1x3BEHOu6/hhQEu0bdHQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoBch6MVjBPOAZAmzs73JkNnZZWZWCEs+wosHRbz6Pd78GycPRBMLGoqqbrq7glRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpk4yxbDBEpGodkA1Ci6xYbgR2E4V0jgQ2AqGtxO/9YhK80Q+mFGKfkz7kkecUWOlVtita37t9soVt+pOQX6It0gqMEe9V/7shgnLYpSGCap1x3NT4+dUGc4EjkvdTGNK2ZD2sWOppDFqP5+eOyYnVglJlChb0pCp+nsip7HWoziwnTE1A73oTcT/vE5mois/5zLNDEo2WxRlgpiETH4nIVfIjBhZQpni9lbCBlRRZmxCJRvC0svLpHlW9c6r7v1FpXYzj6MIR3AMp+DBJdTgDurQAAZDeIIXeHVS59l5c95nrQVnPnMIf+B8fAOm048c</latexit>

• R symmetry vector    is holomorphic

L⇠ =
i

c
 

<latexit sha1_base64="ugj0vTd/674a38fzPqhjvJiNv5M=">AAACEHicbVDLSsNAFL3xWesr6tLNYBFdlUQF3QhFNy5cVLAPaEKYTCft0MmDmYlYQj7Bjb/ixoUibl2682+ctEW09cCFwzn3cu89fsKZVJb1ZczNLywuLZdWyqtr6xub5tZ2U8apILRBYh6Lto8l5SyiDcUUp+1EUBz6nLb8wWXht+6okCyObtUwoW6IexELGMFKS5554IRY9Qnm2XXuOfcMOXXJ0DlyAoFJxvKM5CPJMytW1RoB/RB7mlRggrpnfjrdmKQhjRThWMqObSXKzbBQjHCal51U0gSTAe7RjqYRDql0s9FDOdrXShcFsdAVKTRSf09kOJRyGPq6szhfTnuF+J/XSVVw5mYsSlJFIzJeFKQcqRgV6aAuE5QoPtQEE8H0rYj0sY5C6QzLOoSZl2dJ86hqH1etm5NK7WISRwl2YQ8OwYZTqMEV1KEBBB7gCV7g1Xg0no03433cOmdMZnbgD4yPb2JrnMs=</latexit>

⇠

• No-where vanishing (n+1,0) form         with

c = 1
2 (n� 2)

<latexit sha1_base64="o+EmaLOMhSTx4cPyIEr+IZEtQGg=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEurAkVdCNUHTjsoJ9QBvKZDpph04mYeZGKCHgr7hxoYhbv8Odf+P0gWjrgQuHc+7l3nv8WHANjvNl5ZaWV1bX8uuFjc2t7R17d6+ho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x/ejP3mA1OaR/IeRjHzQtKXPOCUgJG69gG9wrgDgSI0dbO0kpXkaeWkaxedsjMB/iHuPCmiGWpd+7PTi2gSMglUEK3brhODlxIFnAqWFTqJZjGhQ9JnbUMlCZn20sn5GT42Sg8HkTIlAU/U3xMpCbUehb7pDAkM9Lw3Fv/z2gkEl17KZZwAk3S6KEgEhgiPs8A9rhgFMTKEUMXNrZgOiIkCTGIFE8LCy4ukUSm7Z2Xn7rxYvZ7FkUeH6AiVkIsuUBXdohqqI4pS9IRe0Kv1aD1bb9b7tDVnzWb20R9YH98Kq5Q9</latexit>



Off-shell GK geometry and extremization - part I

• To get a supersymmetric solution: need to vary action     

SSUSY =

Z

Y2n+1

⌘ ^ ⇢ ^ Jn�1

(n� 1)!
<latexit sha1_base64="6iq0UYyWHglj0mGaSNAxeNLTFWc="></latexit>

= SSUSY(⇠, [J ])
<latexit sha1_base64="y9lRKDT3518o56dGxAWF6mKylxY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUqigm6EohtxValpK0kIk+m0HTp5MDMRS8jKjb/ixoUibv0Gd/6Nk7aIVg9cOJxzL/fe48eMCmkYn1phZnZufqG4WFpaXlld09c3miJKOCYWjljE2z4ShNGQWJJKRtoxJyjwGWn5g/Pcb90SLmgUXsthTNwA9ULapRhJJXn69ilseKkTINnnQdqwGjdZVnHu6D60L909Ty8bVWME+E3MaVIGE9Q9/cPpRDgJSCgxQ0LYphFLN0VcUsxIVnISQWKEB6hHbEVDFBDhpqM3MrirlA7sRlxVKOFI/TmRokCIYeCrzvxeMe3l4n+encjuiZvSME4kCfF4UTdhUEYwzwR2KCdYsqEiCHOqboW4jzjCUiVXUiH8efkvaR5UzcOqcXVUrp1N4iiCLbADKsAEx6AGLkAdWACDe/AInsGL9qA9aa/a27i1oE1mNsEvaO9fkVyX5A==</latexit>

Nice! [J ] 2 H
2
B(F⇠)

S

L⇠ =
i

c
 

<latexit sha1_base64="ugj0vTd/674a38fzPqhjvJiNv5M=">AAACEHicbVDLSsNAFL3xWesr6tLNYBFdlUQF3QhFNy5cVLAPaEKYTCft0MmDmYlYQj7Bjb/ixoUibl2682+ctEW09cCFwzn3cu89fsKZVJb1ZczNLywuLZdWyqtr6xub5tZ2U8apILRBYh6Lto8l5SyiDcUUp+1EUBz6nLb8wWXht+6okCyObtUwoW6IexELGMFKS5554IRY9Qnm2XXuOfcMOXXJ0DlyAoFJxvKM5CPJMytW1RoB/RB7mlRggrpnfjrdmKQhjRThWMqObSXKzbBQjHCal51U0gSTAe7RjqYRDql0s9FDOdrXShcFsdAVKTRSf09kOJRyGPq6szhfTnuF+J/XSVVw5mYsSlJFIzJeFKQcqRgV6aAuE5QoPtQEE8H0rYj0sY5C6QzLOoSZl2dJ86hqH1etm5NK7WISRwl2YQ8OwYZTqMEV1KEBBB7gCV7g1Xg0no03433cOmdMZnbgD4yPb2JrnMs=</latexit>

Fix            and the complex cone            C(Y2n+1)
<latexit sha1_base64="6UcfrESnu8SE2gfdjfTz3pJLIIc=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBAiQtiNgh6DuXiMYB6yWcLsZDYZMjuzzPQKYclnePGgiFe/xpt/4+SBaGJBQ1HVTXdXmAhuwHW/nJXVtfWNzdxWfntnd2+/cHDYNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcJhbeK3Hpk2XMl7GCUsiElf8ohTAlbya6WHblaR5974rFsoumV3CvxDvEVSRHPUu4XPTk/RNGYSqCDG+J6bQJARDZwKNs53UsMSQoekz3xLJYmZCbLpyWN8apUejpS2JQFP1d8TGYmNGcWh7YwJDMyiNxH/8/wUousg4zJJgUk6WxSlAoPCk/9xj2tGQYwsIVRzeyumA6IJBZtS3oaw9PIyaVbK3kXZvbssVm/mceTQMTpBJeShK1RFt6iOGogihZ7QC3p1wHl23pz3WeuKM585Qn/gfHwDoWiQKw==</latexit>

Y2n+1

Choose holomorphic             with              
as well as a Kahler metric ds22n

⇠ 6= 0

Gives a supersymmetric geometry on 

ds22n+1 = ⌘2 + eBds22n
<latexit sha1_base64="n32gebKYM+ekcAfB+ElB7365ECE=">AAACDnicbVDJSgNBEO2JW4zbqEcvjSEgBMJMFPQihHjxGMEskI2eTiVp0tMzdPcIYZgv8OKvePGgiFfP3vwbO4uiiQ8KHu9VUVXPCzlT2nE+rdTK6tr6Rnozs7W9s7tn7x/UVBBJClUa8EA2PKKAMwFVzTSHRiiB+B6Huje6mvj1O5CKBeJWj0No+2QgWJ9Roo3UtXM91Sl246LIuwm+bIEmnSLOY+jE5QR/e0nXzjoFZwr8Q9xFkkVzVLr2R6sX0MgHoSknSjVdJ9TtmEjNKIck04oUhISOyACahgrig2rH03cSnDNKD/cDaUpoPFV/T8TEV2rse6bTJ3qoFr2J+J/XjHT/oh0zEUYaBJ0t6kcc6wBPssE9JoFqPjaEUMnMrZgOiSRUmwQzJoSll5dJrVhwTwvOzVm2VJ7HkUZH6BidIBedoxK6RhVURRTdo0f0jF6sB+vJerXeZq0paz5ziP7Aev8CHtiaQw==</latexit>

Y2n+1
<latexit sha1_base64="tkYUqQOYI2Lnsv9CtqQ1sxrJsKo=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexGQY9BLx4jmIckS5id9CZDZmfXmVkhLPkJLx4U8ervePNvnDwQTSxoKKq66e4KEsG1cd0vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HvuNR1Sax/LODBP0I9qTPOSMGis17ztZWZ56o06h6JbcCcgP8eZJEWaodgqf7W7M0gilYYJq3fLcxPgZVYYzgaN8O9WYUDagPWxZKmmE2s8m947IsVW6JIyVLWnIRP09kdFI62EU2M6Imr6e98bif14rNeGln3GZpAYlmy4KU0FMTMbPky5XyIwYWkKZ4vZWwvpUUWZsRHkbwsLLi6ReLnlnJff2vFi5msWRg0M4ghPw4AIqcANVqAEDAU/wAq/Og/PsvDnv09YlZzZzAH/gfHwDS3uPeQ==</latexit>

eB =
c2

2
R > 0d⌘ = c⇢

<latexit sha1_base64="A4Hbhbhwa8oe4Wigu0ZuvC4XH34=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lU0ItQ9OKxgv2AJpTNZtMu3eyG3YlQQv+GFw+KePXPePPfuGmLaOuDgcd7M8zMC1PBDbjul1NaWV1b3yhvVra2d3b3qvsHbaMyTVmLKqF0NySGCS5ZCzgI1k01I0koWCcc3RZ+55Fpw5V8gHHKgoQMJI85JWAlP/IZkGvq66Gq9Ks1t+5OgX+It0hqaI5mv/rpR4pmCZNABTGm57kpBDnRwKlgk4qfGZYSOiID1rNUkoSZIJ/ePMEnVolwrLQtCXiq/p7ISWLMOAltZ0JgaBa9QvzP62UQXwU5l2kGTNLZojgTGBQuAsAR14yCGFtCqOb2VkyHRBMKNqYihKWXl0n7rO6d1937i1rjZh5HGR2hY3SKPHSJGugONVELUZSiJ/SCXp3MeXbenPdZa8mZzxyiP3A+vgFg4ZE+</latexit>

F = �1

c
J + d

�
e�B⌘

�



Off-shell GK geometry and extremization - part II

Need to consider flux quantization 

Requires                       or                                  

1

(2⇡`p)6

Z

⌃A

⇤11G = NA
<latexit sha1_base64="uah2kIV1+7D4St3QNXuc+Nu18fM="></latexit>

1

(2⇡`s)4gs

Z

⌃A

F5 = NA
<latexit sha1_base64="JrzgIBRWS3cgMsMFhCa/3pRZwbA="></latexit>

or                                

dF5 = 0
<latexit sha1_base64="l7V7SBJinw1XmRJtDAO3+2IWYMo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexqRC9CUBCPEcwDkiXMzs4mY2ZnlplZISz5By8eFPHq/3jzb5w8EE0saCiquunuChLOtHHdLye3tLyyupZfL2xsbm3vFHf3GlqmitA6kVyqVoA15UzQumGG01aiKI4DTpvB4HrsNx+p0kyKezNMqB/jnmARI9hYqRHedM8u3W6x5JbdCdAP8eZJCWaodYufnVCSNKbCEI61bntuYvwMK8MIp6NCJ9U0wWSAe7RtqcAx1X42uXaEjqwSokgqW8Kgifp7IsOx1sM4sJ0xNn09743F/7x2aqILP2MiSQ0VZLooSjkyEo1fRyFTlBg+tAQTxeytiPSxwsTYgAo2hIWXF0njpOydlt27Sql6NYsjDwdwCMfgwTlU4RZqUAcCD/AEL/DqSOfZeXPep605ZzazD3/gfHwDdyKOZA==</latexit>

d ⇤11 G4 = 0
<latexit sha1_base64="teiSNlqiI4k9R57of2xtO1yjLcY=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDEQ5jVgF6EoAc9RjAPSJZldnY2GTI7u8zMCmHJb3jxoIhXf8abf+PkgWhiQUNR1U13V5AKrg3GX87S8srq2npho7i5tb2zW9rbb+okU5Q1aCIS1Q6IZoJL1jDcCNZOFSNxIFgrGNyM/dYjU5on8sEMU+bFpCd5xCkxVuqGp37uuqNbv3qF/VIZV/AE6Ie486QMM9T90mc3TGgWM2moIFp3XJwaLyfKcCrYqNjNNEsJHZAe61gqScy0l09uHqFjq4QoSpQtadBE/T2Rk1jrYRzYzpiYvp73xuJ/Xicz0aWXc5lmhkk6XRRlApkEjQNAIVeMGjG0hFDF7a2I9oki1NiYijaEhZcXSfOs4p5X8H21XLuexVGAQziCE3DhAmpwB3VoAIUUnuAFXp3MeXbenPdp65IzmzmAP3A+vgFBN5CD</latexit>

We need to impose the integral of                                 ⇤R = 1
2R

2 �RijR
ij

<latexit sha1_base64="oZMcMbuRsmuRduz9P0yF5lsDaMM=">AAACEHicbZC7TsMwFIYdrqXcAowsFhWChSopSLAgVWVhLBW9SG2IHNdpTZ04sh1EFeURWHgVFgYQYmVk421w2gpBy5Fsffr/c2Sf34sYlcqyvoy5+YXFpeXcSn51bX1j09zabkgeC0zqmDMuWh6ShNGQ1BVVjLQiQVDgMdL0BheZ37wjQlIeXqthRJwA9ULqU4yUllzzoFPh97AGz2FH+QLhxE6TUlq7KcEjWHMTeqs5u12zYBWtUcEfsKehACZVdc3PTpfjOCChwgxJ2batSDkJEopiRtJ8J5YkQniAeqStMUQBkU4yWiiF+1rpQp8LfUIFR+rviQQFUg4DT3cGSPXltJeJ/3ntWPlnTkLDKFYkxOOH/JhBxWGWDuxSQbBiQw0IC6r/CnEf6VyUzjCvQ5hZeRYapaJ9XLSuTgrlyiSOHNgFe+AQ2OAUlMElqII6wOABPIEX8Go8Gs/Gm/E+bp0zJjM74E8ZH9+Mjput</latexit>

Z

Y2n+1

⌘ ^ ⇢2 ^ Jn�2

(n� 2)!
= 0

<latexit sha1_base64="N7ll3k9+uviKjLA4Ih0PzoJVqOw="></latexit>

“topological constraint”

Z

⌃A

⌘ ^ ⇢ ^ Jn�2

(n� 2)!
=

8
><

>:

2(2⇡`s)4gs
L4

NA , n = 3

(2⇡`p)6

L6
NA , n = 4

and then                              



Geometric extremal problem- Summary I

• Consider a supersymmetric geometry on Y2n+1
<latexit sha1_base64="tkYUqQOYI2Lnsv9CtqQ1sxrJsKo=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexGQY9BLx4jmIckS5id9CZDZmfXmVkhLPkJLx4U8ervePNvnDwQTSxoKKq66e4KEsG1cd0vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HvuNR1Sax/LODBP0I9qTPOSMGis17ztZWZ56o06h6JbcCcgP8eZJEWaodgqf7W7M0gilYYJq3fLcxPgZVYYzgaN8O9WYUDagPWxZKmmE2s8m947IsVW6JIyVLWnIRP09kdFI62EU2M6Imr6e98bif14rNeGln3GZpAYlmy4KU0FMTMbPky5XyIwYWkKZ4vZWwvpUUWZsRHkbwsLLi6ReLnlnJff2vFi5msWRg0M4ghPw4AIqcANVqAEDAU/wAq/Og/PsvDnv09YlZzZzAH/gfHwDS3uPeQ==</latexit>

• Complex cone                    with (n+1,0)  form                 C(Y2n+1)
<latexit sha1_base64="6UcfrESnu8SE2gfdjfTz3pJLIIc=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBAiQtiNgh6DuXiMYB6yWcLsZDYZMjuzzPQKYclnePGgiFe/xpt/4+SBaGJBQ1HVTXdXmAhuwHW/nJXVtfWNzdxWfntnd2+/cHDYNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcJhbeK3Hpk2XMl7GCUsiElf8ohTAlbya6WHblaR5974rFsoumV3CvxDvEVSRHPUu4XPTk/RNGYSqCDG+J6bQJARDZwKNs53UsMSQoekz3xLJYmZCbLpyWN8apUejpS2JQFP1d8TGYmNGcWh7YwJDMyiNxH/8/wUousg4zJJgUk6WxSlAoPCk/9xj2tGQYwsIVRzeyumA6IJBZtS3oaw9PIyaVbK3kXZvbssVm/mceTQMTpBJeShK1RFt6iOGogihZ7QC3p1wHl23pz3WeuKM585Qn/gfHwDoWiQKw==</latexit>

• Choose basic class         for transverse Kahler metric[J ]
<latexit sha1_base64="vnMBCAflfMdn/v/0hDwEZZcqeL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi3iqaG0hDWWznbRLN5uwuxFK6E/w4kERr/4ib/4btx+Itj4YeLw3w8y8MBVcG9f9cgpLyyura8X10sbm1vZOeXfvQSeZYthgiUhUK6QaBZfYMNwIbKUKaRwKbIaDq7HffESleSLvzTDFIKY9ySPOqLHSnX8TdMoVt+pOQH6IN08qMEO9U/5sdxOWxSgNE1Rr33NTE+RUGc4EjkrtTGNK2YD20LdU0hh1kE9OHZEjq3RJlChb0pCJ+nsip7HWwzi0nTE1fT3vjcX/PD8z0UWQc5lmBiWbLooyQUxCxn+TLlfIjBhaQpni9lbC+lRRZmw6JRvCwsuL5OGk6p1W3duzSu1yFkcRDuAQjsGDc6jBNdShAQx68AQv8OoI59l5c96nrQVnNrMPf+B8fAMEYY2d</latexit>

• Impose constraint:
Z

Y2n+1

⌘ ^ ⇢2 ^ Jn�2

(n� 2)!
= 0

<latexit sha1_base64="N7ll3k9+uviKjLA4Ih0PzoJVqOw="></latexit>

• Impose flux quantization:

SSUSY(⇠, [J ]) =

Z

Y2n+1

⌘ ^ ⇢ ^ Jn�1

(n� 1)!
<latexit sha1_base64="oYi9wtKOKiC5DpnrbPJWxN4gWEc="></latexit>

• Extremise action:

L⇠ =
i

c
 

<latexit sha1_base64="ugj0vTd/674a38fzPqhjvJiNv5M=">AAACEHicbVDLSsNAFL3xWesr6tLNYBFdlUQF3QhFNy5cVLAPaEKYTCft0MmDmYlYQj7Bjb/ixoUibl2682+ctEW09cCFwzn3cu89fsKZVJb1ZczNLywuLZdWyqtr6xub5tZ2U8apILRBYh6Lto8l5SyiDcUUp+1EUBz6nLb8wWXht+6okCyObtUwoW6IexELGMFKS5554IRY9Qnm2XXuOfcMOXXJ0DlyAoFJxvKM5CPJMytW1RoB/RB7mlRggrpnfjrdmKQhjRThWMqObSXKzbBQjHCal51U0gSTAe7RjqYRDql0s9FDOdrXShcFsdAVKTRSf09kOJRyGPq6szhfTnuF+J/XSVVw5mYsSlJFIzJeFKQcqRgV6aAuE5QoPtQEE8H0rYj0sY5C6QzLOoSZl2dJ86hqH1etm5NK7WISRwl2YQ8OwYZTqMEV1KEBBB7gCV7g1Xg0no03433cOmdMZnbgD4yPb2JrnMs=</latexit>

• Choose holomorphic              and   

 

Z

⌃A

⌘ ^ ⇢ ^ Jn�2

(n� 2)!
=

8
><

>:

2(2⇡`s)4gs
L4

NA , n = 3

(2⇡`p)6

L6
NA , n = 4

[Couzens,Gauntlett,
Martelli,Sparks 18]   

⇠ 6= 0



Geometric extremal problem- Summary II

For                       defineAdS3 ⇥ Y7

For                       define “entropy function”AdS2 ⇥ Y9

Z =
3L8

(2⇡)6g2s`
8
s

Ssusy

S =
4⇡L9

(2⇡)8`9p
Ssusy

S |on-shell =
1

4G2

S |on-shell = SBH

Generically expect

For black hole horizons

S |on-shell = lnZ, I

Z |on-shell = csugra =
3L

2G3
and

and



Special Cases and Toric Geometry

Type IIB   AdS3 ⇥ Y7

Physical picture:

AdS5 ⇥ Y5

Y5 ,! Y7 ! ⌃g

and SE metric on Y5

Dual to d=4 N=1 SCFT

• Start with 

• Compactify d=4 SCFT on        and switch on magnetic fluxes⌃g

AdS3 ⇥ Y7

with       fibred as above Y7

with   

Isometries of       give rise to global (mesonic) symmetriesY5

for the global symmetries (including topological twist)

• IF we flow to d=2 SCFT in IR then expect it is dual to 

3-cycles of       give rise to global (baryonic) symmetriesY5



• Three holomorphic Killing vectors         generate                

C(Y5)

@'i
U(1)3

• There is an associated polyhedral cone with      facets specified 
by inward pointing normal vectors ~va 2 Z3

       specifies which U(1)

collapses along that facet 

[Martelli,Sparks,Yau 05]   

d

~va

Focus on                      with the complex cone             
admitting  a toric Kahler cone metric:

AdS5 ⇥ Y5

• The extremization problem for the                      solutions 
with                                 becomes algebraic in the      !

AdS3 ⇥ Y7

Y5 ,! Y7 ! ⌃g ~va



V(~b; {�a}) =
(2⇡)3

2

dX

a=1

�a
�a�1(~va,~va+1,~b)� �a(~va�1,~va+1,~b) + �a+1(~va�1,~va,~b)

(~va�1,~va,~b)(~va,~va+1,~b)

SSUSY(~b; {�a};A) = �A
dX

a=1

@V
@�a

� 4⇡
3X

i=1

ni
@V
@bi

0 = A
dX

a,b=1

@2V
@�a@�b

� 2⇡n1

dX

a=1

@V
@�a

+ 4⇡
dX

a=1

3X

i=1

ni
@2V

@�a@bi

2(2⇡`s)4gs
L4

N = �
dX

a=1

@V
@�a

2(2⇡`s)4gs
L4

Ma =
1

2⇡
A

dX

b=1

@2V
@�a@�b

+ 2
3X

i=1

ni
@2V

@�a@bi

Master volume

Extremization problem Kahler class for 

[Gauntlett,Martelli,Sparks 18]   

⌃gA ⇠

Flux on 

Flux on 

Y5

⌃g ⇥ (⌃a ⇢ Y5)



Results
• For arbitrary toric 

• Can compare with known dual quiver gauge  theories using field 
theory c-extremization procedure

Can calculate            for the                   solutionscsugra

Find exact agreement (even off-shell)!
[Hosseini,Zaffaroni 19]   

Y5
<latexit sha1_base64="4T3sRRuLChUiA9vkmCceQneatew=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd2o6DHoxWNE85BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6NkweiiQUNRVU33V1BIrg2rvvlLC2vrK6t5zbym1vbO7uFvf26jlPFsMZiEatmQDUKLrFmuBHYTBTSKBDYCAbXY7/xiErzWN6bYYJ+RHuSh5xRY6W7h855p1B0S+4E5Id486QIM1Q7hc92N2ZphNIwQbVueW5i/Iwqw5nAUb6dakwoG9AetiyVNELtZ5NTR+TYKl0SxsqWNGSi/p7IaKT1MApsZ0RNX897Y/E/r5Wa8NLPuExSg5JNF4WpICYm479JlytkRgwtoUxxeythfaooMzadvA1h4eVFUi+XvNNS+fasWLmaxZGDQziCE/DgAipwA1WoAYMePMELvDrCeXbenPdp65IzmzmAP3A+vgHlM42K</latexit>

[JPG,Martelli,Sparks 19]   

AdS3 ⇥ Y7

as a function of the geometric twists and fluxes using 
geometric extremization



Comments

 This provides an identification of an infinite classes of d=4 quiver 
field theories compactified on         with these                                  
solutions!

• Geometry: there can be obstructions to the existence of Y7

⌃g AdS3 ⇥ Y7

Caveat: provided that they both exist…

• Field theory: the field theory may not flow in the IR to a SCFT of 
the type we are considering

Conjecture: sufficient to check                and               c > 0 Ra > 0



Comments

• There is an analogous story for                      solutions withAdS2 ⇥ Y9

with                                 and         toric      Y7

• Using toric data can calculate an off shell entropy function

as a function of geometric twists and fluxes 

• This can be identified with the entropy of a magnetically charged 
black hole in                     (provided that they exist)AdS4 ⇥ Y7

[Hosseini,Zaffaroni 19]   
[JPG,Martelli,Sparks 19]   

I• Field theory: off-shell calculation of topological index        for 
certain quiver gauge theories compactified on        calculated in

[Hosseini,Zaffaroni 16]   

Find exact agreement, even off-shell!
[JPG,Martelli,Sparks 19]   
[Hosseini,Zaffaroni 19]   

When there are no baryonic twists: 

⌃g

Y7 ,! Y9 ! ⌃g

[Kim,Kim19]   



Summary and outlook

• Geometric dual of c-extremization for type IIB 

• Interesting sub-class of examples 

AdS3 ⇥ Y7

AdS2 ⇥ Y9

• If arise as black hole horizons, get entropy via extremization                  

• Geometric extremization for SCQM  dual to D=11                    

Y5 ,! Y7 ! ⌃g

• Obstructions?  Geometry/black hole solutions/field theory                
• Novel features arise in toric geometry - develop                

• What is the field theory story? does it exist for finite N?                  

• Toric case: striking agreement with field theory and new 
microstate counting of entropy of mag. charged AdS4 black holes

• Non-toric class?             

Y7 ,! Y9 ! ⌃g

• Dyonic black holes? Rotating black holes?


