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New formulation(s) of perturbative QFT?
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A(O) - 54 i k <IJ>4 [Parke-Taylor]
0 ) (12)(23) ---(n1)

A0 _ [T d*4U, ﬁ do; Ai(Z(0/))
nk —

[Roiban-Spradlin-Volovich-Witten]

vol GL(2,C) -1 0i— Ois1
n n n 1
AO) — 54 ki /d,, §S) || ———Pf(m
; “H(J)Ea;—m (M)

[Cachazo-He-Yuan]



Strong backgrounds

What about amplitudes on strong (non-trivial) backgrounds?



Strong backgrounds

What about amplitudes on strong (non-trivial) backgrounds?

MANY reasons to be interested:

Strong field QED/laser physics — (electromagnetic plane
waves)

Strong field QCD/colour glass condensates — (Yang-Mills
plane waves & shockwaves)

Gravitational waves — (gravitational plane waves &
shockwaves)

Cosmology — (de Sitter or FLRW space-times)
Strongly-coupled CFTs/holography — (anti-de Sitter)
Non-perturbative physics — (shockwaves)
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Knowledge gap

What do we know about amplitudes in strong backgrounds?

Best results at tree-level: 4-points
® QED in plane wave tmaerton
® YM/GR in AdS [Rajul

° YM |n pla N€ WaAVE [TAa-Casali-Mason-Nekovar]

But a novel formulation of pQFT should work on any
perturbative background...



Today

Question:

Can we make all-multiplicity statements about scattering in
strong backgrounds?



Today

Question:

Can we make all-multiplicity statements about scattering in
strong backgrounds?

Strategy:

Consider 4d gluon scattering on simplest non-trivial
background — chiral plane waves
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Plane Waves

Solution to vacuum equations (in d dim.) with:
® covariantly constant null symmetry n,
® (2d — 4) additional symmetries,
® commuting to form Heisenberg algebra w/ center n

For Yang-Mills theory, PWs valued in Cartan of gauge group

[Trautman, Basler-Hadicke, TA-Casali-Mason-Nekovar]

ds® = 2dx" dx~ — (dxT)?, A=xt3a,(x")dx"
a;(x~) are d — 2 Cartan-valued free functions

Null symmetry: n =0,



Scattering on plane waves

Sandwich waves: a, (x~) compactly supported:

e Asymptotically flat regions
¢ Unitary evolution

® No particle creation (in
quadratic theory)

[Gibbons, Garriga-Verdaguer, 3:’\ /x:

TA-Casali-Mason-Nekovar]

Figure: Sandwich wave
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e Universality (Penrose limits)
® Well-defined S-matrix

® EXpI|C|t Feynman ruleS [Volkov, Gibbons, Ward, Mason,

TA-Casali-Mason-Nekovar]

But many new subtleties:

® No d-dimensional momentum conservation — integrals
always left over due to wave profile

L4 Memory efFeCt [Zhang-Duval-Gibbons-Horvathy, TA-Casali-Mason-Nekovar]

L4 TaI|S [Giinther-Wiinsch, Mason, Harte]



4d Plane Waves

Even more structure for d = 4:

ds® =2 (dx" dx™ — dzdZ) = dxeq dx**,

+ —
. X V4
xO& "~
V4 X

Propagation direction of wave: n = 0,
) : y 1 y
Since n®> =0, n** = %7 La:( >:L°‘

Result:
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Spinor-helicity on PWs unaercon

On-shell gluon perturbations proportional to €%

_ 1 [
<bk:k+x++kz+k2+e(za+25)+k—/ ds |k +ea(s)|
+

for incoming momentum k., = A, 5\;1 and charge e

Momentum K,;(x~) = —ie % D,4e'% is on-shell:
KAx) =02 Kos = ARas Ay = Mg+ S200)
V ks
Ay i A
On-shell polarizations: & _, = afa , 5;; _ taa
7% oy
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In a 4d PW background, we can:
® use explicit Feynman rules
® use spinor-helicity formalism
e exploit 3-momentum conservation (in x™, z, Z directions)

Can we simplify any further?
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Self-dual plane waves

Complexify background and require:
xF=1F
Result: only 1 functional d.o.f.
A=Zf(x7)dx™ = ZF(x7) 1ala dx®
F=f(x)dz Adx = fis75dx,% A dx®

Coherent superposition of positive-helicity gluons



SDPW kinematics

SDPW have chiral on-shell kinematics

Gluon with incoming momentum kug = Agg: T2 EX (x7) el

k [
¢k:k-x+eff(x_)+k—/ dtef(t)
Jr

On-shell kinematics:
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So what?
MHYV scattering = helicity flip on a SD background teson-skinner)

Shift YM action by topological term:
1
2g?
for F~ the ASD part of F.
Introduce Lagrange multiplier B € Q2 (g).
—2—1gg [ tr F~ A F~ equivalent to

trF/\*F—i——/trF/\F———/trF N F~

2
S[A,B]:/trF/\B—l—%/trB/\B

Field equations:

F-=-¢g°B, DB=0
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Upshot

Yang-Mills admits a pert. expansion around SD sector

[Chalmers-Siegel]

Expanding around the SDPW ‘no worse' than expanding
around a trivial background!

Need: something that manifests the integrability /triviality of
the SD background...
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Twistor space: Z* = (u%, \,) homog. coords. on CP?

PT = CP?\ {\, = 0}

x € C* given by X 2 CP' C PT via u® = x*¥)\,

On a flat background:
® Massless free fields <> cohomology on PT trenrose, spariing,

Eastwood-Penrose-Wells]

® Representation for on-shell scattering kinematics toages:
® FU” tree_level S-matFIX Of N - 4 SYM [Witten, Berkovits,

Roiban-Spradlin-Volovich]

e Full tree-level S-matrix of N/ = 8 SUGRA (cachazo-sxinmer]
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What's this got to do with perturbation theory on SDPWs?

Theorem [Ward, 1977]
There is a 1:1 correspondence between:
e SD SU(N) Yang-Mills fields on C*, and

® rank N holomorphic vector bundles E — PT trivial on
every X C PT (+ technical conditions)

Upshot: twistor theory trivializes the SD sector
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SDPWs in Twistor Space

Can construct £ — PT explicitly; holomorphicity encoded by
partial connection on E:

(av)

_ _ 5[]
D=8+A, A:<‘”>a< ! )/< At (1)

Easy to show that D? =0

Penrose transform: gluons encoded by E-twisted
cohomology on PT

- helicity «» HZ'(PT, O(—4) ® E)

+ helicity <> HZ'(PT, O ® E)



MHV generating functional

MHV amplitudes on the SDPW background generated by:

/d4x / D1 DXo (A A2)2 tr [by 7175t b2 21 ]

X1 ><X2

® by, € HZH(PT, O(—4) ® E)

® 7 <« holomorphic trivialization of E|x:

yD|xy ' =0|x, Y(x, A) == exp (i<o))\\> /th f(t)>



Perturbative expansion

Take D — D + a, for a € HE'(PT,0 ® E)

7172_1 must solve (D + a)|x17172_1 = 0 = Born series:

1

7172_1 - D ’

— i ﬁ D)\, ’7, a, Vi 2
k-2 )\1 /\3 Midicn) ] D)

k=3 =3



Re-labeling the field insertions, n'"-order term is

DA
/d4 /n )\)\ )\k)\kJrl)tr[al...biai+1...bjaj+1...an]

g




Re-labeling the field insertions, n'"-order term is

DA
/d4 /n )\)\ )\k)\kJrl)tr[al...biai+1...bjaj+1...an]

Xexp[Zek / de f(t )]

Evaluate on twistor representatives for £, ei®:

). o= (i)

a; =



MHV amplitude

Evaluating the CP! integrals gives:

3 - <IJ>4 T — JiFa(x—
5<Zk> ed ey ]

for Volkov exponent

n—1

Keo(x) = Y KO (x), | Falx) = K% /X_dtK2(t)

i=1
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Derivation from generating function proves formula is correct,
but...

Red flag: only one residual lightfront integral!

Expect n — 2 for n-point tree amplitude

Resolution: field redefinition recasts Yang-Mills action such
that all MHV vertices have single lightfront integral manstieia
Other sanity checks & features:

® Explicit checks at 3- and 4-points

® Perturbative limit (MHV,+ background — MHV ;)

® Flat background limit

e Generalization to A/ = 4 SYM



Full tree-level S-matrix?

Easy guess for NNMHV, based on holomorphic maps
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~ holomorphic trivialization of E over image of Z



Full tree-level S-matrix?

Easy guess for NNMHV, based on holomorphic maps
Z:CP' - PT

Hk+1 d4|4U o ﬁ dU[ '7/71 A,(Z(U,)) i
vol GL(2, C) Oj — Oit1

where:

® Z(0) = ¥ U, 0" is a degree k + 1 holomorphic map
{o;} C CP' punctures on CP*
A€ H%l(PT, O ® E) twistor wavefunctions

~ holomorphic trivialization of E over image of Z

Currently just a conjecture...



Summary

Upshot: it is possible to make all-multiplicity statements in
strong backgrounds!

Also a (more complicated) version of this story for gravity!
Many exciting things to do:

® Prove/correct NMHV conjecture

® Double copy for full tree-level SDPW S-matrix

® Generalize to generic PW backgrounds

e QOther SD backgrounds?



