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  Some words of motivation
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Talk deals with aspects of Swampland Program: 
 

Identify the general principles that have to be satisfied  
in an effective theory compatible with quantum gravity. 

Landscape Swampland

QFTs that can be coupled 
to quantum gravity 

apparently consistent QFTs  
that cannot be coupled  

to quantum gravity 



  Field spaces and scalar potentials 
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➡ Which field spaces         can appear in the landscape?  
Which scalar potentials              are in the landscape?  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V (�)
Related when 

lowering cut-off
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⇤
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➡ Consider effective theory with a cut-off     

‣ scalar fields        spanning field space  

‣ scalar potential             :  maps from         to real line   
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⇤

Multiple new effective theories 
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⇤1

integrate out  
heavy fields
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⇤2

integrate out  
heavy fields
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  Finiteness as a key principle of the landscape

➡ Is the number of distinct effective theories compatible with quantum 
gravity/string theory finite? 
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e.g. [Douglas ’03]  
       [Acharya,Douglas ’06]

‣ long part of the string phenomenology program

‣ much recent activity:  finiteness of spectra, ranks of gauge groups

[Taylor etal],[Kim,Shiu,Vafa],[Lee,Weigand],[Tarazi,Vafa]

[Adams,DeWolfe,Taylor] [Kim,Shiu,Vafa] [Kim,Tarazi,Vafa] [Cvetic,Dierigl,Lin,Zang] 
[Dierigl,Heckman] [Font,Fraiman,Grana,Nunez,DeFreitas] [Hamada,Vafa]

➡ In this talk:  indicate a new non-trivial finiteness proof and promote   
                      finiteness to a new universal principle to constrain  
                      effective theories (no susy, no holomorphicity…)



  Outline

Part 1: Lessons about the complex structure moduli space 
            and flux vacua 
 

→ Scalar field spaces and scalar potentials in Type IIB flux  
     compactifications are remarkably constrained. 
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Part 2:  Finiteness of self-dual flux vacua and the structure  
              of the flux vacuum landscape 
 

→ Constraints are ‘just enough’ to ensure non-trivial finiteness property. 

Part 3:  Structure ensuring finiteness:  a new principle 
 

→ o-minimal structures and tame topology to describe the landscape 



Flux compactifications: 
some lessons we learned
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  Type IIB / F-theory flux compactifications

‣ Type IIB flux compactifications  review:  [Graña] [Kachru,Douglas] …

background flux:
<latexit sha1_base64="I1YlaAkHYtF9w9SH8VQmWvxVxu4=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoICUxoi6LgnRZwT60iWUynbZDJ5MwMxFKyAe48VfcuFDErR/gzr9x0mahrQcGDuecy9x7vJBRqUzz28gtLC4tr+RXC2vrG5tbxe2dpgwigUkDBywQbQ9JwignDUUVI+1QEOR7jLS80WXqtx6IkDTgN2ocEtdHA077FCOlpW6xdNW1jxxY69rQoRzW7mM7Kd+mmo/U0PPiu+RQp8yKOQGcJ1ZGSiBDvVv8cnoBjnzCFWZIyo5lhsqNkVAUM5IUnEiSEOERGpCOphz5RLrx5JgEHmilB/uB0I8rOFF/T8TIl3LsezqZrihnvVT8z+tEqn/uxpSHkSIcTz/qRwyqAKbNwB4VBCs21gRhQfWuEA+RQFjp/gq6BGv25HnSPK5YpxX7+qRUvcjqyIM9sA/KwAJnoApqoA4aAINH8AxewZvxZLwY78bHNJozspld8AfG5w8nh5kz</latexit>

F3, H3 2 H
3(Y3,Z)

<latexit sha1_base64="n0d3dzh4ssFcLojEoUzgKEh1ZXk=">AAACBnicbZDLSgMxFIYzXmu9VV2KECyCqzJjRV24KApScFPBXqQtQyZzpg3NZIYko5ShKze+ihsXirj1Gdz5NqaXhbb+EPj4zzmcnN+LOVPatr+tufmFxaXlzEp2dW19YzO3tV1TUSIpVGnEI9nwiALOBFQ10xwasQQSehzqXu9yWK/fg1QsEre6H0M7JB3BAkaJNpab22sxod30zi0O8JVbxK0H8DuAywbP8bWby9sFeyQ8C84E8miiipv7avkRTUIQmnKiVNOxY91OidSMchhkW4mCmNAe6UDToCAhqHY6OmOAD4zj4yCS5gmNR+7viZSESvVDz3SGRHfVdG1o/ldrJjo4a6dMxIkGQceLgoRjHeFhJthnEqjmfQOESmb+immXSEK1SS5rQnCmT56F2lHBOSkUb47zpYtJHBm0i/bRIXLQKSqhMqqgKqLoET2jV/RmPVkv1rv1MW6dsyYzO+iPrM8fKlmW/w==</latexit>Z
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F3 ^H3 < K

vacuum condition:
<latexit sha1_base64="XN0B83pteLUparg98t1qKnLFdv0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgLsqMLepGKLrQZQX7gHYomTTThmYyY5IplKHf4caFIm79GHf+jZl2Ftp64HIP59xLbo4Xcaa0bX9buZXVtfWN/GZha3tnd6+4f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje6Tf3WmErFQvGoJxF1AzwQzGcEayO5Z3e9CrpGDKW9VyzZZXsGtEycjJQgQ71X/Or2QxIHVGjCsVIdx460m2CpGeF0WujGikaYjPCAdgwVOKDKTWZHT9GJUfrID6UpodFM/b2R4ECpSeCZyQDroVr0UvE/rxNr/8pNmIhiTQWZP+THHOkQpQmgPpOUaD4xBBPJzK2IDLHERJucCiYEZ/HLy6R5XnYuypWHaql2k8WRhyM4hlNw4BJqcA91aACBJ3iGV3izxtaL9W59zEdzVrZzCH9gff4Aj8+QBg==</latexit>

⇤G3 = iG3
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G3 = F3 � ⌧H3

‣ lift to F-theory flux compactifications 
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G4 ^G4 < Kbackground flux:

vacuum condition:
<latexit sha1_base64="2HAxd1aBNgfc3eoZXvUAijUO9Y0=">AAAB8nicbVDLSgMxFM34rPVVdekmWARxUWa0qBuh6EKXFewDpkPJpJk2NJMMyR2hDP0MNy4UcevXuPNvTNtZaOuBkMM593LvPWEiuAHX/XaWlldW19YLG8XNre2d3dLeftOoVFPWoEoo3Q6JYYJL1gAOgrUTzUgcCtYKh7cTv/XEtOFKPsIoYUFM+pJHnBKwkn96163ia4zt1y2V3Yo7BV4kXk7KKEe9W/rq9BRNYyaBCmKM77kJBBnRwKlg42InNSwhdEj6zLdUkpiZIJuuPMbHVunhSGn7JOCp+rsjI7Exozi0lTGBgZn3JuJ/np9CdBVkXCYpMElng6JUYFB4cj/ucc0oiJElhGpud8V0QDShYFMq2hC8+ZMXSfOs4l1Uzh+q5dpNHkcBHaIjdII8dIlq6B7VUQNRpNAzekVvDjgvzrvzMStdcvKeA/QHzucPczOPaw==</latexit>

⇤G4 = G4

→  well studied set of N=0,1 vacua with (partially) fixed complex 
      structure moduli, backreaction under control, higher-derivative  
      corrections consistently included      
[Becker,Becker]…[TG,Pugh,Weissenbacher]…[Cicoli,Quevedo,Savelli,Schachner,Valandro]



  Using supersymmetry of the effective theory? 
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<latexit sha1_base64="JvPzuicZYvfi6tFf7dx8upXTOmo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSKIiyHjTB/uim5ctmBroR1KJs20sZnMkGSEMvQL3LhQxK2f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKs4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwOltML6a+bf3VCoWixs9Sagf4aFgISNYG6l51i+WkI3cC7fsQmS7Za/iVQzxajVUrkLHRnOUwBKNfvG9N4hJGlGhCcdKdR2UaD/DUjPC6bTQSxVNMBnjIe0aKnBElZ/ND53CE6MMYBhLU0LDufp9IsORUpMoMJ0R1iP125uJf3ndVIc1P2MiSTUVZLEoTDnUMZx9DQdMUqL5xBBMJDO3QjLCEhNtsimYEL4+hf+T9rntVGy36ZXql8s48uAIHINT4IAqqINr0AAtQAAFD+AJPFt31qP1Yr0uWnPWcuYQ/ID19gnqXo0J</latexit>⇤➡ Hodge star     changes over complex structure moduli space → complicated

➡ periods of      :       
<latexit sha1_base64="o00Jwq5ib3nQw/vHCKsEuH3mALE="></latexit>

⇧i(z) =

Z

Ci

⌦ →   complicated transcendental functions
→   hard to compute or ‘see’ properties

<latexit sha1_base64="m2V5fV/xQDJn9FBAEbf+02C0x/g=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXJSnSx67oxp0V7APaoWTSTBubZIYkI5Sh/+DGhSJu/R93/o2ZtoKKHrhwOOde7r0niAU3FqEPb2V1bX1jM7eV397Z3dsvHBy2TZRoylo0EpHuBsQwwRVrWW4F68aaERkI1gkml5nfuWfa8Ejd2mnMfElGioecEuukdv9ashEZFIqohBDCGMOM4GoFOVKv18q4BnFmORTBEs1B4b0/jGgimbJUEGN6GMXWT4m2nAo2y/cTw2JCJ2TEeo4qIpnx0/m1M3jqlCEMI+1KWThXv0+kRBozlYHrlMSOzW8vE//yeokNa37KVZxYpuhiUZgIaCOYvQ6HXDNqxdQRQjV3t0I6JppQ6wLKuxC+PoX/k3a5hCsldHNebFws48iBY3ACzgAGVdAAV6AJWoCCO/AAnsCzF3mP3ov3umhd8ZYzR+AHvLdPrc2PNg==</latexit>

⌦

➡ an alternative picture:  express theory in terms of N=1 data
<latexit sha1_base64="z2s1JWjJTGF1YiyHD7DmTtcM9aU="></latexit>

Kcs = �log

Z

YD

⌦^⌦̄
<latexit sha1_base64="TeF8yAUfWgFGtiVEDT1By9B+f7M="></latexit>

W =

Z

YD

GD ^ ⌦

:  unique (D,0)-form on the Calabi-Yau D-fold D = 3 
D = 4

<latexit sha1_base64="9ISWSVgmZq2HO/fYCCAxNbIRqG4=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIvgQkpSSh+7oi66s4JthbaWTJq2oZnMkGTEMvRX3LhQxK0/4s6/MdNWUNEDFw7n3Mu993ih4Nog9OGkVlbX1jfSm5mt7Z3dPXc/29JBpChr0kAE6sYjmgkuWdNwI9hNqBjxPcHa3uQ88dt3TGkeyGszDVnPJyPJh5wSY6W+m+1e+mxEYJdLWL+NL07RrO/mUB4hhDGGCcHlErKkWq0UcAXixLLIgSUaffe9Owho5DNpqCBadzAKTS8mynAq2CzTjTQLCZ2QEetYKonPdC+e3z6Dx1YZwGGgbEkD5+r3iZj4Wk99z3b6xIz1by8R//I6kRlWejGXYWSYpItFw0hAE8AkCDjgilEjppYQqri9FdIxUYQaG1fGhvD1KfyftAp5XMoXr4q52tkyjjQ4BEfgBGBQBjVQBw3QBBTcgwfwBJ6dmfPovDivi9aUs5w5AD/gvH0CqoqTlA==</latexit>

⌦ 2 H
D,0

➡ vacuum condition:                                                                            (self-dual fluxes)       
<latexit sha1_base64="73BMBv7az3riL7fo76jQWhvOz4c=">AAACDHicbVDLSsNAFJ3UV62vqks3g0Wom5JIUTdC0S5cVrAPaGKYTKbt0Mmj8xBq6Ae48VfcuFDErR/gzr9xmmahrQcGDuecy517vJhRIU3z28gtLa+sruXXCxubW9s7xd29logUx6SJIxbxjocEYTQkTUklI52YExR4jLS94dXUb98TLmgU3spxTJwA9UPaoxhJLbnFEqy7ycMdnbThBTShPRop5MNy3bUlUjAVj3XKrJgp4CKxMlICGRpu8cv2I6wCEkrMkBBdy4ylkyAuKWZkUrCVIDHCQ9QnXU1DFBDhJOkxE3ikFR/2Iq5fKGGq/p5IUCDEOPB0MkByIOa9qfif11Wyd+4kNIyVJCGeLeopBmUEp81An3KCJRtrgjCn+q8QDxBHWOr+CroEa/7kRdI6qVinlepNtVS7zOrIgwNwCMrAAmegBq5BAzQBBo/gGbyCN+PJeDHejY9ZNGdkM/vgD4zPHzEsmIg=</latexit>

DziW = 0 (D⌧W = 0)
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<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M

conifold point
large complex  
structure point

Example:  mirror quintic

<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M➡ Complex structure moduli space          has boundaries + asymptotic regions

➡ General conclusions in certain regions of the moduli space?
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near-conifold  
regime

large complex  
structure regime

<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M
mirror symmetry

large volume  
regime

Example:  mirror quintic

<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M➡ Complex structure moduli space          has boundaries + asymptotic regions

➡ General conclusions in certain regions of the moduli space?
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➡ Note:  geometry of boundaries + asymptotic regions can be very involved 
for higher-dimensional moduli spaces
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IV1

IV1

IV1

I1

III0

IV2
IV2

IV1IV1

Figure 3: Figure showing an example intersecting network for the (mirror of the) Calabi-Yau
P1,1,1,6,9[18] as studied in [23]. In this case we focus in one a particular region of the network,
within the box, and show the more refined data for each locus including the sub-index. At the
points of intersections the type of a locus can be modified. We show the types associated to
each intersection point in the focused region.

which become massless approaching the locus even away from the intersection point itself. We
call this an inheritance of a charge orbit by a locus from its intersection point. It is important
to note, however, that in [12] the monodromy induced tower was shown to be populated by BPS
states, while in this paper we will identify the charge orbit but will be unable to prove that it is
populated by BPS states. Nonetheless, we propose that it indeed captures the tower of states of
the distance conjecture, while leaving a proof in terms of BPS states for future work.

The paper is structured as follows. In section 2 we introduce the formalism and underlying
theorems which we will use in the paper. In section 3 we show how the data of the type of
infinite distance locus can be used to form a complete classification of such loci, and how this
type can be extracted from the discrete monodromy. In section 4 we utilise these results to
define the charge orbits at intersections of infinite distance loci. We summarise our results,
and discuss extensions and interpretations of them in section 5. In the appendix we present a
detailed analysis of some example intersection loci as well as collect some of the more technical
formalism.

2 Monodromy and Orbit Theorems in Calabi-YauModuli Spaces

In this section we introduce, and develop in a way adapted to our needs, the crucial mathematical
theorems and structures associated to so-called orbits. The central elements are the nilpotent
orbit theorem, the Sl(2)-Orbit theorem and the growth theorems. The theorems lead to a
detailed and powerful description of the moduli space locally around any singular loci. In
particular, we will utilise their multi-variable versions which will allow for a description of a
patch of moduli space that can include intersections of infinite distance loci.

5

large complex  
structure point

conifold locus

Example:  mirror 
<latexit sha1_base64="4WgBL25/DFHaVoFtinHo1bkYppU="></latexit>

P1,1,1,6,9[18]
[Candelas,Font,Katz,Morrison] 
[Candelas,De La Ossa,Font,Katz,Morrison]
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➡ Systematic understanding of asymptotic moduli space without 
scanning through explicit examples?

➡ Identify states and flux vacua in the asymptotic regions of         ? 
<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M

➡ Test conjectures:  distance conjecture, WGC, axionic/emergent string  
                               conjecture, tadpole conjecture, finiteness conjectures 
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➡ Systematic understanding of asymptotic moduli space without 
scanning through explicit examples?

➡ Identify states and flux vacua in the asymptotic regions of         ? 
<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M

➡ Test conjectures:  distance conjecture, WGC, axionic/emergent string  
                               conjecture, tadpole conjecture, finiteness conjectures 

→ reviews:  [Palti] [Valenzuela etal.] [Grana,Herraez]

see also [Lee,Lerche,Weigand],[Cecotti]

→  develop tools in asymptotic Hodge theory 
      and apply them to test conjectures

[TG,Palti,Valenzuela]
[TG,Li,Palti]
[TG,Li,Valenzuela]

[TG,Ruehle,vd Heisteeg],[TG],[TG,Monnee,vd Heisteeg][Bastian,TG,vd Heisteeg] 
full power starts to become apparent in our more recent works
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➡ well-known Hodge decomposition of cohomology groups:
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<latexit sha1_base64="rstzEPS4A7QBBM/ZHcxM1f2nUoU="></latexit>

H
D(YD,C) = H

D,0 �H
D�1,1 � ...�H

1,D�1 �H
0,D

→  (p,q)-forms in 
<latexit sha1_base64="/0w3eqoQGZ7oFyORMInYgSTlAZs=">AAACGXicbZDLSsNAFIZPvNZ6i7p0EyyCi1ISKeqy6KbLCvYCaSyT6bQdOpnEmYlQQl7Dja/ixoUiLnXl2zhNI2jrgYGP/z9n5szvR4xKZdtfxtLyyuraemGjuLm1vbNr7u23ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr6Z++54ISUN+oyYR8QI05HRAMVJa6pl20s0uccXQ9xK7YmdVXoC0fptE5bs07ZmlH81aBCeHEuTV6Jkf3X6I44BwhRmS0nXsSHkJEopiRtJiN5YkQniMhsTVyFFApJdkS6XWsVb61iAU+nBlZerviQQFUk4CX3cGSI3kvDcV//PcWA0uvITyKFaE49lDg5hZKrSmMVl9KghWbKIBYUH1rhYeIYGw0mEWdQjO/JcXoXVacc4q1etqqXaZx1GAQziCE3DgHGpQhwY0AcMDPMELvBqPxrPxZrzPWpeMfOYA/pTx+Q3RvZxv</latexit>

H
p,q
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<latexit sha1_base64="vptT0/t6fzhlyDqWZTpVxuEK1C4="></latexit>

H
D(YD,C) = H

D,0 �H
D�1,1 � ...�H

1,D�1 �H
0,D

spanned by 
<latexit sha1_base64="aReuyMvlGNNXEtTkBDLC9Gd500E=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXJSmlj13RjTsr2Ae0Q8mkmTY0yQxJRihDP8KNC0Xc+j3u/BszbQUVPXDhcM693HtPEAtuLEIf3tr6xubWdm4nv7u3f3BYODrumCjRlLVpJCLdC4hhgivWttwK1os1IzIQrBtMrzK/e8+04ZG6s7OY+ZKMFQ85JdZJ3cGNZGMCh4UiKiGEMMYwI7hWRY40GvUyrkOcWQ5FsEJrWHgfjCKaSKYsFcSYPkax9VOiLaeCzfODxLCY0CkZs76jikhm/HRx7hyeO2UEw0i7UhYu1O8TKZHGzGTgOiWxE/Pby8S/vH5iw7qfchUnlim6XBQmAtoIZr/DEdeMWjFzhFDN3a2QTogm1LqE8i6Er0/h/6RTLuFqqXJbKTYvV3HkwCk4AxcAgxpogmvQAm1AwRQ8gCfw7MXeo/fivS5b17zVzAn4Ae/tEwbXj2Q=</latexit>

⌦

➡ (p,q)-splitting changes when moving in complex structure moduli space
<latexit sha1_base64="SjCHnXLSHaYiolQyOyuCwOKmzlk=">AAACInicbVDJSgNBEO1xjXEb9eilMQgRYpiR4HILmkOOEcwC2ejpdJImPQvdNUIY5lu8+CtePCjqSfBj7EkCauKDhlfvVVFdzwkEV2BZn8bS8srq2npqI725tb2za+7t15QfSsqq1Be+bDhEMcE9VgUOgjUCyYjrCFZ3RjeJX79nUnHfu4NxwNouGXi8zykBLXXNq1ZAJHAiuhF0eIzLnaiUs2LcUqGjGPzUfiBClZTZ0qmds0/irpmx8tYEeJHYM5JBM1S65nur59PQZR5QQZRq2lYA7ShZTwWL061QsYDQERmwpqYecZlqR5MTY3yslR7u+1I/D/BE/T0REVepsevoTpfAUM17ifif1wyhf9mOuBeEwDw6XdQPBQYfJ3nhHpeMghhrQqjk+q+YDokkFHSqaR2CPX/yIqmd5e3zfOG2kClez+JIoUN0hLLIRheoiMqogqqIogf0hF7Qq/FoPBtvxse0dcmYzRygPzC+vgF7dqJU</latexit>

@tiH
D,0 ⇢ H

D,0 �H
(D�1,1)

<latexit sha1_base64="aReuyMvlGNNXEtTkBDLC9Gd500E=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXJSmlj13RjTsr2Ae0Q8mkmTY0yQxJRihDP8KNC0Xc+j3u/BszbQUVPXDhcM693HtPEAtuLEIf3tr6xubWdm4nv7u3f3BYODrumCjRlLVpJCLdC4hhgivWttwK1os1IzIQrBtMrzK/e8+04ZG6s7OY+ZKMFQ85JdZJ3cGNZGMCh4UiKiGEMMYwI7hWRY40GvUyrkOcWQ5FsEJrWHgfjCKaSKYsFcSYPkax9VOiLaeCzfODxLCY0CkZs76jikhm/HRx7hyeO2UEw0i7UhYu1O8TKZHGzGTgOiWxE/Pby8S/vH5iw7qfchUnlim6XBQmAtoIZr/DEdeMWjFzhFDN3a2QTogm1LqE8i6Er0/h/6RTLuFqqXJbKTYvV3HkwCk4AxcAgxpogmvQAm1AwRQ8gCfw7MXeo/fivS5b17zVzAn4Ae/tEwbXj2Q=</latexit>

⌦→  moduli dependence of 

➡ Hodge star on (p,q)-forms:
<latexit sha1_base64="yvfJdXcNSa6qCfAobFmspC5jewI=">AAACBHicbVDLSgMxFM3UV62vUZfdBIsgomVGiroRim5cVrAP6Iwlk2ba0GQyJhmhDF248VfcuFDErR/hzr8xbWehrQcuHM65l3vvCWJGlXacbyu3sLi0vJJfLaytb2xu2ds7DSUSiUkdCyZkK0CKMBqRuqaakVYsCeIBI81gcDX2mw9EKiqiWz2Mic9RL6IhxUgbqWMXD6EnOOkheAHpXRof34+8o0zq2CWn7EwA54mbkRLIUOvYX15X4ISTSGOGlGq7Tqz9FElNMSOjgpcoEiM8QD3SNjRCnCg/nTwxgvtG6cJQSFORhhP190SKuFJDHphOjnRfzXpj8T+vnejw3E9pFCeaRHi6KEwY1AKOE4FdKgnWbGgIwpKaWyHuI4mwNrkVTAju7MvzpHFSdk/LlZtKqXqZxZEHRbAHDoALzkAVXIMaqAMMHsEzeAVv1pP1Yr1bH9PWnJXN7II/sD5/AIvUlsg=</latexit>

⇤! = ip�q !
<latexit sha1_base64="8xtWB3q57+eGz8UMgCswdLEz/lk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSEmkqMuimy4r2Ac0sUymk3boPOLMRAih/oobF4q49UPc+TdOHwttPXDhcM693HtPlDCqjed9Oyura+sbm4Wt4vbO7t6+e3DY0jJVmDSxZFJ1IqQJo4I0DTWMdBJFEI8YaUejm4nffiRKUynuTJaQkKOBoDHFyFip55ZgIDkZIBhQAev3eXL2MO65Za/iTQGXiT8nZTBHo+d+BX2JU06EwQxp3fW9xIQ5UoZiRsbFINUkQXiEBqRrqUCc6DCfHj+GJ1bpw1gqW8LAqfp7Ikdc64xHtpMjM9SL3kT8z+umJr4KcyqS1BCBZ4vilEEj4SQJ2KeKYMMySxBW1N4K8RAphI3Nq2hD8BdfXiat84p/UaneVsu163kcBXAEjsEp8MElqIE6aIAmwCADz+AVvDlPzovz7nzMWlec+UwJ/IHz+QOOAZQV</latexit>

! 2 H
p,q

→  (p,q)-splitting determines Hodge star and  
      Hodge norm:

<latexit sha1_base64="Dvbfsx+Kx1D6gfzI6V/uQZD7M0Y=">AAACJHicbZDLSgMxFIYz9V5voy7dBIsgLspMKSqIUNSFSwVrK506ZNLTNjSTGZKMUsY+jBtfxY0LL7hw47OY1lK09UDgy/+fQ3L+IOZMacf5tDJT0zOzc/ML2cWl5ZVVe239SkWJpFCmEY9kNSAKOBNQ1kxzqMYSSBhwqASdk75fuQWpWCQudTeGekhagjUZJdpIvn2IvXvsRSG0iKGbAj7CHhPaT6/90x72AiJH7h00WoB3R3fs2zkn7wwKT4I7hBwa1rlvv3mNiCYhCE05UarmOrGup0RqRjn0sl6iICa0Q1pQMyhICKqeDpbs4W2jNHAzkuYIjQfq74mUhEp1w8B0hkS31bjXF//zaoluHtRTJuJEg6A/DzUTjnWE+4nhBpNANe8aIFQy81dM20QSqk2uWROCO77yJFwV8u5evnhRzJWOh3HMo020hXaQi/ZRCZ2hc1RGFD2gJ/SCXq1H69l6tz5+WjPWcGYD/Snr6xse+aKn</latexit>

k!k2 =

Z
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‣ On each co-dimension      boundary in complex structure moduli space: 
 

Middle cohomology                          admits boundary (p,q)-decomposition  
and decomposition into representations of   

In general: multiple sl(2)-spins

<latexit sha1_base64="ayKwm5aCmLMisp9KlhqB3zydtQ0="></latexit>

sl(2,C)n
<latexit sha1_base64="KHTb7KAm3SiXnkfttdxoO1ZgGO4="></latexit>

H
D(YD,C)

<latexit sha1_base64="L5pQsUVQGPdphlmZ33wf5/gF4wI=">AAACE3icdVDLSgMxFM34rPU16tJNsAgiUiZV+tgV3bisYB/QDiWTZtrQTGZIMkIZ5h/c+CtuXCji1o07/8Z0WsHnhcDJOefe3Bwv4kxpx3m3FhaXlldWc2v59Y3NrW17Z7elwlgS2iQhD2XHw4pyJmhTM81pJ5IUBx6nbW98MdXbN1QqFoprPYmoG+ChYD4jWBuqbx8nvWxIVw49N3GKTlYnv0Aq0r5dyG4IITgFqFJ2DKjVqiVUhWhuLIB5Nfr2W28QkjigQhOOleoiJ9JugqVmhNM034sVjTAZ4yHtGihwQJWbZOuk8NAwA+iH0hyhYcZ+7UhwoNQk8IwzwHqkfmpT8i+tG2u/6iZMRLGmgswe8mMOdQinAcEBk5RoPjEAE8nMrpCMsMREmxjzJoTPn8L/QatUROXi6dVZoX4+jyMH9sEBOAIIVEAdXIIGaAICbsE9eARP1p31YD1bLzPrgjXv2QPfynr9AI+bmis=</latexit>n

Example:            sending one parameter to boundary:  

sl(2)-spinsl(2)-highest-spin

<latexit sha1_base64="BfuqoU3r6/mhTsVtEqR703NM5EY=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKUkVdFrtxWcE+oAllMp22QycPZm7EErLxV9y4UMStn+HOv3HSZqHVAxcO59zLvfd4keAKLOvLKCwtr6yuFddLG5tb2zvm7l5bhbGkrEVDEcquRxQTPGAt4CBYN5KM+J5gHW/SyPzOPZOKh8EdTCPm+mQU8CGnBLTUNw8cYA+QKJFWaqeOT2DseUkjPembZatqzYD/EjsnZZSj2Tc/nUFIY58FQAVRqmdbEbgJkcCpYGnJiRWLCJ2QEetpGhCfKTeZPZDiY60M8DCUugLAM/XnREJ8paa+pzuzE9Wil4n/eb0YhlduwoMoBhbQ+aJhLDCEOEsDD7hkFMRUE0Il17diOiaSUNCZlXQI9uLLf0m7VrUvqme35+X6dR5HER2iI1RBNrpEdXSDmqiFKErRE3pBr8aj8Wy8Ge/z1oKRz+yjXzA+vgFh15ZF</latexit>

sl(2,C)
<latexit sha1_base64="sTg4ydCaI2Dh1E4HfhVdmRNq66g=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbFqEeiF48Y5WFgQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rFb6RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGWdm7KFfuzkvV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A4guNiw==</latexit>

Y3

<latexit sha1_base64="9/APO8xD0tQ7OQwihXOIaroBzwI="></latexit>

H
3(Y3,C) = H

3,0
1 �H

2,1
1 �H

2,1
1 �H

0,3
1

<latexit sha1_base64="PVqQgZfqlhxMiSToE18M96vTDUI="></latexit>

H
q,3�q
1 = spanC

n
|d, li, d = 0, ..., 3; l = �3, ..., 3

o

see, e.g., [TG ’20] for details
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‣ Classification of boundaries using sl(2)-representations and positivity

works for all Kähler manifolds ensure:
<latexit sha1_base64="auRZ1IFsXd1YTEukwme3JmNkHpA=">AAACD3icbZDLSsNAFIYn9VbrrerSzWBRxEVJVNSVFN24rGAv0IQwmZy0QycXZiZKKH0DN76KGxeKuHXrzrdx2kbQ1h8Gfr5zDnPO7yWcSWWaX0Zhbn5hcam4XFpZXVvfKG9uNWWcCgoNGvNYtD0igbMIGoopDu1EAAk9Di2vfzWqt+5ASBZHtypLwAlJN2IBo0Rp5Jb3bRYpbBOe9Ai278HvAj50NQxU9oMvsOmWK2bVHAvPGis3FZSr7pY/bT+maQiRopxI2bHMRDkDIhSjHIYlO5WQENonXehoG5EQpDMY3zPEe5r4OIiFfnq7Mf09MSChlFno6c6QqJ6cro3gf7VOqoJzZ8CiJFUQ0clHQcqxivEoHOwzAVTxTBtCBdO7YtojglClIyzpEKzpk2dN86hqnVaPb04qtcs8jiLaQbvoAFnoDNXQNaqjBqLoAT2hF/RqPBrPxpvxPmktGPnMNvoj4+Mb0pqbPw==</latexit>Z

↵ ^ ⇤1↵ > 0

‣ On each co-dimension      boundary in complex structure moduli space: 
 

Middle cohomology                          admits boundary (p,q)-decomposition  
and decomposition into representations of   

<latexit sha1_base64="ayKwm5aCmLMisp9KlhqB3zydtQ0="></latexit>

sl(2,C)n
<latexit sha1_base64="KHTb7KAm3SiXnkfttdxoO1ZgGO4="></latexit>

H
D(YD,C)
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  Calabi-Yau threefold examples

➡ All cases:                        (‘mild’ degeneration     )                

by technical details. Crucially, we include the essential instanton terms for boundaries away from
large complex structure in accordance with our discussion in section 3. This section is written
such that it can be read without understanding the ingredients that go into this derivation.
In particular, these periods can be used directly in studying four-dimensional supergravity
theories, and to illustrate this point we readily compute the corresponding Kähler potentials,
flux superpotentials and scalar potentials.

4.1 Models for one-modulus periods

In this section we present general expressions for the periods near boundaries in one-dimensional
moduli spaces, and refer to section 5.1 for the details. Based on the classification reviewed in
section 2.3 there are three possible types of boundaries for h2,1 = 1, given by

I1 : conifold point ,

II0 : Tyurin degeneration ,

IV1 : large complex structure point .

(4.1)

As indicated, each of these types of boundaries has a natural geometrical interpretation in the
complex structure moduli space of Calabi–Yau threefolds. The type I1 characterizes conifold
points, which arise for instance in the moduli space of the mirror quintic, cf. [53]. Type II0
boundaries arise from so-called Tyurin degenerations [54], and these periods have also been
studied recently in the context of the swampland programme in [68]. Finally, IV1 boundaries
correspond to large complex structure points, where the periods can be expressed in terms of
the triple intersection numbers of the mirror Calabi–Yau manifold. By using (3.3) we find that
instanton terms play a crucial role in the asymptotic regime of I1 and II0 boundaries, so these
provide us with an excellent setting to demonstrate how the formalism discussed in section 3.3
describes periods. In contrast, instanton terms are insignificant in the asymptotic regime of
IV1 boundaries, as follows from (3.1). Since these periods are already well-understood from
the study of large complex structure points anyway, we do not include the periods at these
boundaries in this work.

4.1.1 Type I1 boundaries

We begin by writing down the periods for I1 boundaries. From the analysis of section 5.1.1 we
find that these periods can be expressed as

⇧ =

0

BB@

1 + a2

8⇡z
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8⇡ z
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2⇡z log[z]
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CCA , (4.2)

where a 2 R is a model-dependent coe�cient. These periods contain two instanton terms,
i.e. terms exponentially suppressed in the saxion y in t = x + iy = log[z]/2⇡i. The periods
depend on the complex structure modulus t solely through these exponentially suppressed terms,
so instanton terms clearly cannot be ignored for these boundaries. In fact, one can verify that
⇧, @z⇧, @

2
z⇧, @

3
z⇧ together span a four-dimensional space only when we include the terms at
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<latexit sha1_base64="S4htNU/XSqmI+sfGidW6ViMh0gQ=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwISFJ07QboejGZQX7kDaWyXTSDp1JwsxEKKFf4caFIm79HHf+jdOHoKIHLhzOuZd77wkSRqWyrA8jt7K6tr6R3yxsbe/s7hX3D1oyTgUmTRyzWHQCJAmjEWkqqhjpJIIgHjDSDsaXM799T4SkcXSjJgnxORpGNKQYKS3dju4y58yentv9YskyLbda8crQMssVt1b1NHFrZc+pQNu05iiBJRr94ntvEOOUk0hhhqTs2lai/AwJRTEj00IvlSRBeIyGpKtphDiRfjY/eApPtDKAYSx0RQrO1e8TGeJSTnigOzlSI/nbm4l/ed1UhTU/o1GSKhLhxaIwZVDFcPY9HFBBsGITTRAWVN8K8QgJhJXOqKBD+PoU/k9ajml7pnPtluoXyzjy4Agcg1NggyqogyvQAE2AAQcP4Ak8G8J4NF6M10VrzljOHIIfMN4+AQY0j+w=</latexit>

h2,1 = 1

➡ All cases:                      (‘mild’ degeneration+one-modulus)
<latexit sha1_base64="0zRVSlZ8eEadPliAHPDGIMRgr94=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwISFJ07QboejGZQX7kDaWyXTSDp1MwsxEKKFf4caFIm79HHf+jdOHoKIHLhzOuZd77wkSRqWyrA8jt7K6tr6R3yxsbe/s7hX3D1oyTgUmTRyzWHQCJAmjnDQVVYx0EkFQFDDSDsaXM799T4SkMb9Rk4T4ERpyGlKMlJZuR3eZc2ZPz51+sWSZlluteGVomeWKW6t6mri1sudUoG1ac5TAEo1+8b03iHEaEa4wQ1J2bStRfoaEopiRaaGXSpIgPEZD0tWUo4hIP5sfPIUnWhnAMBa6uIJz9ftEhiIpJ1GgOyOkRvK3NxP/8rqpCmt+RnmSKsLxYlGYMqhiOPseDqggWLGJJggLqm+FeIQEwkpnVNAhfH0K/yctx7Q907l2S/WLZRx5cASOwSmwQRXUwRVogCbAIAIP4Ak8G8J4NF6M10VrzljOHIIfMN4+AQe4j+0=</latexit>

h2,1 = 2 [Kerr,Pearlstein,Robles] 
[TG,Li]

4.2 Models for two-moduli periods

Having discussed the one-modulus periods, we now turn to periods in a two-moduli setting.
We refer to section 5.2 for the construction of these periods, to avoid distracting the reader
with technical details. Recall from section 2.3 that two-moduli boundaries are characterized by
three types of limiting mixed Hodge structures, written as a 2-cube hA1|A(2)|A2i. In addition to
the intersection y1 = y2 = 1 with singularity type A(2), we can consider the separate divisors
y1 = 1 and y2 = 1 characterized by the types A1 and A2 respectively as well. Conveniently
such 2-cubes have already been classified in [52], where the possible combinations of singularity
types for the boundaries were identified. We do not review the details of this classification
by [52] in this work, but simply present the exhaustive set of 2-cubes that was obtained

I2 class : hI1|I2|I1i , hI2|I2|I1i , hI2|I2|I2i ,

Coni-LCS class : hI1|IV2|IV1i , hI1|IV2|IV2i ,

II1 class : hII0|II1|I1i , hII1|II1|I1i , hII0|II1|II1i , hII1|II1|II1i ,

LCS class : hII1|IV2|III0i , hII1|IV2|IV2i , hIII0|IV2|III0i , hIII0|IV2|IV1i ,

hIII0|IV2|IV2i , hIV1|IV2|IV2i , hIV2|IV2|IV2i ,

(4.10)

where we chose to sort 2-cubes with similar characteristics together. For the first three classes
we find that instanton corrections are needed in ⇧ in order to recover the information in the
nilpotent orbit F p

nil. We determine the general models for the corresponding period vectors in
section 5.2, and give a summary of the obtained results here. The fourth subset of 2-cubes
consists of cases that can be realized for particular values of the coe�cients Kijk describing a
large complex structure region and hence specify the intersection numbers of a candidate mirror
Calabi-Yau threefold. At these boundaries we do not have any predictive capabilities regarding
the instanton series with our machinery and we recover the usual Kähler cone restrictions, so we
will not discuss the periods for these two-moduli setups later.

4.2.1 Class I2 boundaries

Let us begin with the class of I2 boundaries. From the analysis in section 5.2.1 we found that
we can write the periods near these boundaries as
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Let us briefly discuss the parameters that appear in these periods, whose properties have been
summarized in table 4.1. The numbers n1, n2 2 Q�0 parametrize the monodromy transformations
under zi ! e

2⇡i
zi. The integers k1, k2 2 N and m1,m2 2 N specify the order in the instanton

expansion. These orders are fixed to be the (smallest) integers such that n1 = k1/k2 and
n2 = m2/m1 (with m1, k2 > 0), which follows from the horizontality property (2.10) of the

29

[Alvarez-Garcia,Blumenhagen et al. ’20]  
                                    [Demirtas et al. ’20]

Seiberg-Witten  
               theory

LCS: in [Kreuzer,Skarke]

(after mirror symmetry) 8
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‣ In any asymptotic regime of the complex structure moduli space:  
Hodge star can be approximated using                    - spins  

→  leading, most ‘crude’ approximation, but easy to handle

<latexit sha1_base64="ayKwm5aCmLMisp9KlhqB3zydtQ0="></latexit>

sl(2,C)n

Example:             boundary at                                      ,

regime:                                               (‘strict asymptotic’)
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ti ⌘ xi + iyi ! i1

sl(2)-spins
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�
e�xiNi↵

�
l1...ln

k1



  Lesson 3:  Reconstructing the moduli space 

‣                 - data, boundary (p,q)-decomposition  
→  classified + simple normal forms

boundary data:
<latexit sha1_base64="rPbv5J5BHWzW9O+FXfcZ2U0rBq0=">AAACK3icbVDLSgMxFM34rPVVdelmsAgVSpmpoi5Lu3FZwT6gM5ZMmrahmcyQ3BHLMP/jxl9xoQsfuPU/TNsRtPVA4HDOucnN8ULOFFjWu7G0vLK6tp7ZyG5ube/s5vb2myqIJKENEvBAtj2sKGeCNoABp+1QUux7nLa8UW3it+6oVCwQNzAOqevjgWB9RjBoqZurxs70ko4ceG5slawpigskcYDeQ6x4UigXHR/D0PPiWnJyK5JuLv+TMheJnZI8SlHv5p6dXkAinwogHCvVsa0Q3BhLYITTJOtEioaYjPCAdjQV2KfKjadrJuaxVnpmP5D6CDCn6u+JGPtKjX1PJydbqnlvIv7ndSLoX7oxE2EEVJDZQ/2ImxCYk+LMHpOUAB9rgolkeleTDLHEBHS9WV2CPf/lRdIsl+zz0un1Wb5STevIoEN0hArIRheogq5QHTUQQQ/oCb2iN+PReDE+jM9ZdMlIZw7QHxhf3/ejo+8=</latexit>

sl(2,C)n

‣ Extra:  chain of  phase operators      
<latexit sha1_base64="W2hH/bibUBIEi1v1HidGAXaelvQ="></latexit>

�n, . . . , �1
→  used:  most general Ansatz compatible with other boundary data

‣ In any asymptotic regime of the complex structure moduli space:  
Asymptotic moduli space geometry (Hodge star and periods) can be 
reconstructed from data associated to boundaries

‣ Holographic perspective for n=1:                   boundary data can be used to  
reconstruct bulk Hodge star in a near boundary expansion

[TG][TG,Monnee,vd Heisteeg] 
+ to appear→  WZW model on the moduli space 

<latexit sha1_base64="/jEBCIdLjT94W6O1zWQclHh32SY=">AAACKXicbVDLSsNAFJ34rPVVdekmWIQKpSSlqMtiNy4r2Ac0oUymk3boZBJmbsQS8jtu/BU3Coq69UecphW09cDA4ZxzZ+4cL+JMgWV9GCura+sbm7mt/PbO7t5+4eCwrcJYEtoiIQ9l18OKciZoCxhw2o0kxYHHaccbN6Z+545KxUJxC5OIugEeCuYzgkFL/UI9cbJLenLouYlVsTKUl0jqAL2HRPG0VC07AYaR5yWN9CztF4o/GXOZ2HNSRHM0+4UXZxCSOKACCMdK9WwrAjfBEhjhNM07saIRJmM8pD1NBQ6ocpNsydQ81crA9EOpjwAzU39PJDhQahJ4OjndUS16U/E/rxeDf+kmTEQxUEFmD/kxNyE0p7WZAyYpAT7RBBPJ9K4mGWGJCehy87oEe/HLy6RdrdjnldpNrVi/mteRQ8foBJWQjS5QHV2jJmohgh7QE3pFb8aj8Wy8G5+z6IoxnzlCf2B8fQNPyqMQ</latexit>

sl(2,C)
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‣ reconstruction of CY3 periods - [Bastian,TG,vd Heisteeg] 
combine [Cattani,Kaplan,Schmid],[Fernandez,Cattani],[Brosnan,Pearlstein,Robles]

‣ In any asymptotic regime of the complex structure moduli space:  
Asymptotic moduli space geometry (Hodge star and periods) can be 
reconstructed from data associated to boundaries

‣                 - data, boundary (p,q)-decomposition  
→  classified + simple normal forms

boundary data:
<latexit sha1_base64="rPbv5J5BHWzW9O+FXfcZ2U0rBq0=">AAACK3icbVDLSgMxFM34rPVVdelmsAgVSpmpoi5Lu3FZwT6gM5ZMmrahmcyQ3BHLMP/jxl9xoQsfuPU/TNsRtPVA4HDOucnN8ULOFFjWu7G0vLK6tp7ZyG5ube/s5vb2myqIJKENEvBAtj2sKGeCNoABp+1QUux7nLa8UW3it+6oVCwQNzAOqevjgWB9RjBoqZurxs70ko4ceG5slawpigskcYDeQ6x4UigXHR/D0PPiWnJyK5JuLv+TMheJnZI8SlHv5p6dXkAinwogHCvVsa0Q3BhLYITTJOtEioaYjPCAdjQV2KfKjadrJuaxVnpmP5D6CDCn6u+JGPtKjX1PJydbqnlvIv7ndSLoX7oxE2EEVJDZQ/2ImxCYk+LMHpOUAB9rgolkeleTDLHEBHS9WV2CPf/lRdIsl+zz0un1Wb5STevIoEN0hArIRheogq5QHTUQQQ/oCb2iN+PReDE+jM9ZdMlIZw7QHxhf3/ejo+8=</latexit>

sl(2,C)n

‣ Extra:  chain of  phase operators      
<latexit sha1_base64="W2hH/bibUBIEi1v1HidGAXaelvQ="></latexit>

�n, . . . , �1
→  used:  most general Ansatz compatible with other boundary data
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‣ reconstruct periods with polynomial and  
essential exponential ‘instanton’ corrections

 
essential instantons 
at almost all boundaries in  
accordance with conjecture  
[Palti,Weigand,Vafa]

‣ In any asymptotic regime of the complex structure moduli space:  
Asymptotic moduli space geometry (Hodge star and periods) can be 
reconstructed from data associated to boundaries

cannot be dropped:  required e.g. to ensure non-degeneracy of moduli metric 

<latexit sha1_base64="JR7fzWlcF/pRc0uprROHp0SXyU0="></latexit>

⇧(t) = ⇧pol(t) +⇧ess(t) = et
iNia0 +O(e2⇡it)
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➡ Results for one parameter example:

→  finite distance 
<latexit sha1_base64="dBQ24ZGTJj7vGETwaF16Qml56q4=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BL3qLYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeML2ddL1useSW3RnoMvEyUiIZat3iV6cX8SQEhVwyY9qeG6OfMo2CS5gUOomBmPERG0DbUsVCMH46u3hCT6zSo/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPuXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pIINwVt8eZk0zsreeblyVylVr7I48uSIHJNT4pELUiU3pEbqhBNFnskreXOM8+K8Ox/z1pyTzRySP3A+fwCNl5DZ</latexit>

I1

by technical details. Crucially, we include the essential instanton terms for boundaries away from
large complex structure in accordance with our discussion in section 3. This section is written
such that it can be read without understanding the ingredients that go into this derivation.
In particular, these periods can be used directly in studying four-dimensional supergravity
theories, and to illustrate this point we readily compute the corresponding Kähler potentials,
flux superpotentials and scalar potentials.

4.1 Models for one-modulus periods

In this section we present general expressions for the periods near boundaries in one-dimensional
moduli spaces, and refer to section 5.1 for the details. Based on the classification reviewed in
section 2.3 there are three possible types of boundaries for h2,1 = 1, given by

I1 : conifold point ,

II0 : Tyurin degeneration ,

IV1 : large complex structure point .

(4.1)

As indicated, each of these types of boundaries has a natural geometrical interpretation in the
complex structure moduli space of Calabi–Yau threefolds. The type I1 characterizes conifold
points, which arise for instance in the moduli space of the mirror quintic, cf. [53]. Type II0
boundaries arise from so-called Tyurin degenerations [54], and these periods have also been
studied recently in the context of the swampland programme in [70]. Finally, IV1 boundaries
correspond to large complex structure points, where the periods can be expressed in terms of
the triple intersection numbers of the mirror Calabi–Yau manifold. By using (3.3) we find that
instanton terms play a crucial role in the asymptotic regime of I1 and II0 boundaries, so these
provide us with an excellent setting to demonstrate how the formalism discussed in section 3.3
describes periods. In contrast, instanton terms are insignificant in the asymptotic regime of
IV1 boundaries, as follows from (3.1). Since these periods are already well-understood from
the study of large complex structure points anyway, we do not include the periods at these
boundaries in this work.

4.1.1 Type I1 boundaries

We begin by writing down the periods for I1 boundaries. From the analysis of section 5.1.1 we
find that these periods can be expressed as

⇧ =

0

BB@

1 + a2

8⇡z
2

az

i�
ia2

8⇡ z
2

ia
2⇡z log[z]

1

CCA , (4.2)

where a 2 R is a model-dependent coe�cient. These periods contain two instanton terms,
i.e. terms exponentially suppressed in the saxion y in t = x + iy = log[z]/2⇡i. The periods
depend on the complex structure modulus t solely through these exponentially suppressed terms,
so instanton terms clearly cannot be ignored for these boundaries. In fact, one can verify that
⇧, @z⇧, @

2
z⇧, @

3
z⇧ together span a four-dimensional space only when we include the terms at

26

<latexit sha1_base64="3P2Qb18FCDI1KS5CKabxlSY2pL4=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gNQb0IQS8eI5gHJGuYnXSSIbMPZnoDccmfePGgiFf/xJt/4yTZgyYWNBRV3XR3+bEUGh3n28qtrW9sbuW3Czu7e/sH9uFRQ0eJ4lDnkYxUy2capAihjgIltGIFLPAlNP3R7cxvjkFpEYUPOInBC9ggFH3BGRqpa9tP9JrCY1ruxIIKitOuXXRKzhx0lbgZKZIMta791elFPAkgRC6Z1m3XidFLmULBJUwLnURDzPiIDaBtaMgC0F46v3xKz4zSo/1ImQqRztXfEykLtJ4EvukMGA71sjcT//PaCfavvFSEcYIQ8sWifiIpRnQWA+0JBRzlxBDGlTC3Uj5kinE0YRVMCO7yy6ukUS65F6XKfaVYvcniyJMTckrOiUsuSZXckRqpE07G5Jm8kjcrtV6sd+tj0Zqzsplj8gfW5w/gvJKK</latexit>

z = e2⇡it

<latexit sha1_base64="hrsQEuH5PPHBdY4rKZg1EGnpkj4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexKUY9FL/ZWwX7AdinZNNuGZpMlmRXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb2d+55Fpw5V8gEnCgpgMJY84JWAlvwfsCbJGY9p3++WKW3XnwKvEy0kF5Wj2y1+9gaJpzCRQQYzxPTeBICMaOBVsWuqlhiWEjsmQ+ZZKEjMTZPOTp/jMKgMcKW1LAp6rvycyEhsziUPbGRMYmWVvJv7n+SlE10HGZZICk3SxKEoFBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWSDcFbfnmVtC+q3mW1dl+r1G/yOIroBJ2ic+ShK1RHd6iJWogihZ7RK3pzwHlx3p2PRWvByWeO0R84nz8jfJEr</latexit>

II0 →  infinite distance 

4.1.2 Type II0 boundaries

Next we consider the periods near II0 boundaries. From the analysis of section 5.1.2 we find
that these periods can be written as

⇧ =

0

BBB@

1 + az

i� iaz

log[z]
2⇡i + az

2⇡i(log[z]� 2)
log[z]
2⇡ �

az
2⇡ (log[z]� 2)

1

CCCA
, (4.6)

where a 2 R is a model-dependent coe�cient. Note that these periods do have polynomial terms
in t = log[z]/2⇡i, but we also have a restricted form for the periods at order z = e

2⇡it. One
needs this exponentially suppressed term in t in order to span a four-dimensional space with
⇧, @z⇧, @

2
z⇧, @

3
z⇧. This matches nicely with (3.3), which indicates one instanton term for II0

boundaries.

For illustration, let us again compute the Kähler potential (2.11) from the periods

e
�K = 4y +

4a2(1 + ⇡y)

⇡
e
�4⇡y

, (4.7)

where we wrote z = e
2⇡it with t = x+ iy. Similar to I1 boundaries the Kähler potential does not

depend on the axion x, both at leading and subleading order, so a continuous shift symmetry
x ! x+c emerges close to the boundary. Inspecting the sign of the terms in the Kähler potential,
we note that both the leading polynomial term as the exponentially suppressed term are fixed
to be positive. This ensures that the Kähler metric is positive definite, and these signs can
again be traced back to the polarization conditions (2.35) of the symplectic form.11 Finally, by
computing the Kähler metric from (4.3) one finds that II0 singularities are at infinite distance,
as is expected from Kähler potentials that depend through polynomial terms on the saxion y in
the large field limit.

Next we consider the flux superpotential (2.12). From the above periods we obtain

W = �g3 � ig4 + (g1 + ig2)
log[z]

2⇡i
+ az

log[z]� 2

2⇡i
(g1 � ig2)� az(g3 � ig4) , (4.8)

where we wrote out the fluxes as G3 = (g1, . . . , g4). In turn we find the leading polynomial
scalar potential (2.13) to be

4V2Im ⌧Vlead = Ḡ3e
�xNT

0

BB@

y 0 0 0
0 y 0 0
0 0 1

y 0

0 0 0 1
y

1

CCA e
�xN

G3 , (4.9)

where the log-monodromy matrix N is given in (5.10). We again dropped exponentially
suppressed terms in y, and left out the hG3, Ḡ3i term for convenience. Interestingly all fluxes
now appear at polynomial order in (4.9), while before the linear combinations g1 � ig2 and
g3 � ig4 were exponentially suppressed in the superpotential. However, g1 + ig2 and g3 + ig4

do appear at polynomial order in the superpotential, so one finds that the instanton terms do
not contribute at leading order, but instead result in exponential corrections to the leading
polynomial scalar potential.

11
To be precise, one finds that a0 2 P 3,1

and (1 +N/⇡i)a1 2 P 1,3
, which implies that the coe�cients satisfy

ha0, Nā0i > 0 and ha1, Nā1i > 0.

28
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➡ Results for two-cubes:

Next we consider the flux superpotential (2.12). By using the above periods we find that

W = ig1 � g4 � a
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1 z
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(4.13)

where we wrote out the fluxes as G3 = (g1, . . . , g6). In turn we find the leading polynomial
scalar potential (2.13) to be

4V2Im ⌧Vlead = Ḡ3e
�xiNT

i

0

BBBBBB@
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CCCCCCA
e
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(4.14)
where the log-monodromy matrices Ni are given in (5.18) and we wrote � = (n1y1 + y2)(y1 +
n2y2)� �

2
1 . We dropped exponentially suppressed corrections in y1, y2 and left out the hG3, Ḡ3i

term. Note in particular that the linear combination of fluxes ig1 + g4 as well as g2, g3, g5, g6 are
exponentially suppressed in y1, y2 in the superpotential, while all fluxes appear at polynomial
order in the scalar potential. We can trace these terms in the scalar potential back to the
terms at orders zk11 z

k2
2 and z

m1
1 z

m2
2 in the superpotential, while the subleading corrections in

the superpotential do produce exponential corrections in the scalar potential.

4.2.2 Class II1 boundaries

We continue with the class of II1 boundaries. Within this class, it is interesting to point out that
the periods near the boundary hII0|II1|II1i cover a well-studied degeneration for the K3-fibered
Calabi-Yau threefold in P1,1,2,2,6

4 [12] [16, 38, 57, 72, 73]. The precise match between the two
boundaries is included in appendix B.3. As outlined in section 5.2.2, the period vector for
boundaries of class II1 can be written as

⇧ =

0

BBBBBBBBB@

1 + cz1 +
1
4

�
a
2
n1z

2
2 + 2abz1z2

1�n1n2
2

1�n2
+ b

2
n2z

2
1

�

i� icz1 �
i
4

�
a
2
n1z

2
2 + 2abz1z2

1�n1n2
2

1�n2
+ b

2
n2z

2
1

�

bn2z1 + az2
log[z1]+n2 log[z2]

2⇡i

⇣
1 + cz1 +

1
4

�
a
2
n1z

2
2 + 2abz1z2

1�n1n2
2

1�n2
+ b

2
n2z

2
1

�⌘
+ f(z)

log[z1]+n2 log[z2]
2⇡

⇣
1� cz1 �

1
4

�
a
2
n1z

2
2 + 2abz1z2

1�n1n2
2

1�n2
+ b

2
n2z

2
1

�⌘
� if(z)

i(bn2z1 + az2)
n1 log[z1]+log[z2]

2⇡ �
1�n1n2

2⇡i (bz1 � az2)

1

CCCCCCCCCA

, (4.15)

where we wrote

f(z) =
ic z1
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Next we consider the flux superpotential (2.12). By using the above periods we find that

W = ig1 � g4 � a
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(4.13)

where we wrote out the fluxes as G3 = (g1, . . . , g6). In turn we find the leading polynomial
scalar potential (2.13) to be

4V2Im ⌧Vlead = Ḡ3e
�xiNT
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(4.14)
where the log-monodromy matrices Ni are given in (5.18) and we wrote � = (n1y1 + y2)(y1 +
n2y2)� �

2
1 . We dropped exponentially suppressed corrections in y1, y2 and left out the hG3, Ḡ3i

term. Note in particular that the linear combination of fluxes ig1 + g4 as well as g2, g3, g5, g6 are
exponentially suppressed in y1, y2 in the superpotential, while all fluxes appear at polynomial
order in the scalar potential. We can trace these terms in the scalar potential back to the
terms at orders zk11 z

k2
2 and z

m1
1 z

m2
2 in the superpotential, while the subleading corrections in

the superpotential do produce exponential corrections in the scalar potential.

4.2.2 Class II1 boundaries

We continue with the class of II1 boundaries. Within this class, it is interesting to point out that
the periods near the boundary hII0|II1|II1i cover a well-studied degeneration for the K3-fibered
Calabi-Yau threefold in P1,1,2,2,6

4 [12] [16, 38, 57, 72, 73]. The precise match between the two
boundaries is included in appendix B.3. As outlined in section 5.2.2, the period vector for
boundaries of class II1 can be written as
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where we wrote

f(z) =
ic z1
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The information about the parameters in these periods has been summarized in table 4.2. In
the construction it was assumed that the coe�cients a, b are non-vanishing, which ensures
the presence of essential instanton terms needed in order to span the entire space H

3(Y3,C).
Furthermore they have been rotated to real values using the residual axion shift symmetry as
discussed below (3.22). The parameters n1, n2 control the form of the log-monodromy matrices
under zi ! e

2⇡i
zi, and hence determine which member of the II1 boundary class we are looking

at. Also note that there is an interplay between these parameters ni and the orders of the
instanton expansion ki,mi similar to the class I2 boundaries, owing to the horizontality property
of the periods (2.10).

parameters hII0|II1|I1i hII1|II1|I1i hII0|II1|II1i hII1|II1|II1i

log-mon. n1 = n2 = 0 n1 2 Q>0, n2 = 0 n1 = 0, n2 2 Q>0 n1, n2 2 Q>0, n1n2 6= 1

inst. coe↵. a, b 2 R 6=0, c 2 C k a, c 2 R 6=0, b 2 C a, b 2 R� {0}, c = 0

Table 4.2: Summary for the properties of the parameters in the periods (4.15) for each of the
possible boundaries of class II1.

Alternatively one can write the periods in the t
i coordinates as
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where we wrote

f(t) =
ic e
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Using these periods we calculate the Kähler potential (2.11) for class II1 boundaries to be

e
�K = 4(y1 + n2y2)� 2a2(n1y1 + y2 + 1/2⇡k2)e

�4⇡(k1y1+k2y2)

+ 4b2(y1 + n2y2 + 1/⇡m1)e
�4⇡(m1y1+m2y2)

�
a
2
b

2k2⇡
cos[2⇡(2k1 �m1)x1 + 2⇡(2k2 �m2)x2]e

�2⇡((2k1+m1)y1+(2k2+m2)y2) , (4.19)

where we used the coordinates 2⇡ti = 2⇡i(xi + iyi) = log[zi] for convenience. For n2 = 0 the
coordinate dependence on y2 enters only through exponentially suppressed terms as one would
expect from the presence of an I1 boundary associated with this coordinate. A noteworthy
feature is also that the Kähler metric derived from the above potential does not require the
terms involving b to be invertible. In contrast, if we were to set a = 0 the metric would become
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4.2 Models for two-moduli periods

Having discussed the one-modulus periods, we now turn to periods in a two-moduli setting.
We refer to section 5.2 for the construction of these periods, to avoid distracting the reader
with technical details. Recall from section 2.3 that two-moduli boundaries are characterized by
three types of limiting mixed Hodge structures, written as a 2-cube hA1|A(2)|A2i. In addition to
the intersection y1 = y2 = 1 with singularity type A(2), we can consider the separate divisors
y1 = 1 and y2 = 1 characterized by the types A1 and A2 respectively as well. Conveniently
such 2-cubes have already been classified in [52], where the possible combinations of singularity
types for the boundaries were identified. We do not review the details of this classification
by [52] in this work, but simply present the exhaustive set of 2-cubes that was obtained

I2 class : hI1|I2|I1i , hI2|I2|I1i , hI2|I2|I2i ,

Coni-LCS class : hI1|IV2|IV1i , hI1|IV2|IV2i ,

II1 class : hII0|II1|I1i , hII1|II1|I1i , hII0|II1|II1i , hII1|II1|II1i ,

LCS class : hII1|IV2|III0i , hII1|IV2|IV2i , hIII0|IV2|III0i , hIII0|IV2|IV1i ,

hIII0|IV2|IV2i , hIV1|IV2|IV2i , hIV2|IV2|IV2i ,

(4.10)

where we chose to sort 2-cubes with similar characteristics together. For the first three classes
we find that instanton corrections are needed in ⇧ in order to recover the information in the
nilpotent orbit F p

nil. We determine the general models for the corresponding period vectors in
section 5.2, and give a summary of the obtained results here. The fourth subset of 2-cubes
consists of cases that can be realized for particular values of the coe�cients Kijk describing a
large complex structure region and hence specify the intersection numbers of a candidate mirror
Calabi-Yau threefold. At these boundaries we do not have any predictive capabilities regarding
the instanton series with our machinery and we recover the usual Kähler cone restrictions, so we
will not discuss the periods for these two-moduli setups later.

4.2.1 Class I2 boundaries

Let us begin with the class of I2 boundaries. From the analysis in section 5.2.1 we found that
we can write the periods near these boundaries as
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. (4.11)

Let us briefly discuss the parameters that appear in these periods, whose properties have been
summarized in table 4.1. The numbers n1, n2 2 Q�0 parametrize the monodromy transformations
under zi ! e

2⇡i
zi. The integers k1, k2 2 N and m1,m2 2 N specify the order in the instanton

expansion. These orders are fixed to be the (smallest) integers such that n1 = k1/k2 and
n2 = m2/m1 (with m1, k2 > 0), which follows from the horizontality property (2.10) of the

29



  Lesson 4:  Systematic moduli stabilization

➡ New procedure to find flux vacua: 

13

Example:   (imaginary) self-dual flux
<latexit sha1_base64="XN0B83pteLUparg98t1qKnLFdv0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgLsqMLepGKLrQZQX7gHYomTTThmYyY5IplKHf4caFIm79GHf+jZl2Ftp64HIP59xLbo4Xcaa0bX9buZXVtfWN/GZha3tnd6+4f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje6Tf3WmErFQvGoJxF1AzwQzGcEayO5Z3e9CrpGDKW9VyzZZXsGtEycjJQgQ71X/Or2QxIHVGjCsVIdx460m2CpGeF0WujGikaYjPCAdgwVOKDKTWZHT9GJUfrID6UpodFM/b2R4ECpSeCZyQDroVr0UvE/rxNr/8pNmIhiTQWZP+THHOkQpQmgPpOUaD4xBBPJzK2IDLHERJucCiYEZ/HLy6R5XnYuypWHaql2k8WRhyM4hlNw4BJqcA91aACBJ3iGV3izxtaL9W59zEdzVrZzCH9gff4Aj8+QBg==</latexit>

⇤G3 = iG3

[TG,Plauschinn,vd Heisteeg]

sl(2)-approximation

polynomial,  
vacua easy to find

[TG,Li,Valenzuela]

asymptotic periods 
w. essential expon. 
corrections 
(nilpotent orbit)

‘refinement’ of  
of sl(2)-vacua

full periods with  
all exponential  
corrections (hard 
to find in practice)

exact vacua

Note: flat directions in sl(2)-approx. might be stabilized in successive steps 
           e.g. linear scenario [Palti,Tasinato,Ward] [Marchesano,Prieto,Wiesner]



  Lesson 4:  Systematic moduli stabilization

➡ New procedure to find flux vacua: [TG,Plauschinn,vd Heisteeg]

➡ Remarks:

‣ algorithmic approach to stabilize moduli (also away from large complex 

structure) → abstract results, favorable numeric

[Bastian,TG,vd Heisteeg]
‣ naturally implement hierarchies (e.g. moduli masses, small W0) linked to 

classification of boundaries 

[Bena,Blåbäck,Graña,Lüst]
‣ possible for large number of moduli + fluxes   
→ tadpole conjecture?

[Graña,TG,Herraez, 
Plauschinn, vd Heisteeg] 
→ in progress

sl(2)-approximation asymptotic periods 
w. essential expon. 
corrections 
(nilpotent orbit)

full periods with  
all exponential  
corrections



Finiteness of self-dual 
flux vacua
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  Self-dual flux vacua

➡ Recall:  integral                                , self-dual                      , tadpole      
<latexit sha1_base64="ApRpu2SQGnUIus1o0+UNm7mkQ0Y=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIhVdFt10WcE+tIlhMp22QyeTMDMRSsjGX3HjQhG3foY7/8ZJm4W2HrhwOOde7r3HjxiVyrK+jcLS8srqWnG9tLG5tb1j7u61ZRgLTFo4ZKHo+kgSRjlpKaoY6UaCoMBnpOOPrzO/80iEpCG/VZOIuAEacjqgGCkteeaBQzlsPNQqd17t1AmQGvl+cp+eeGbZqlpTwEVi56QMcjQ988vphzgOCFeYISl7thUpN0FCUcxIWnJiSSKEx2hIeppyFBDpJtMHUnislT4chEIXV3Cq/p5IUCDlJPB1Z3ainPcy8T+vF6vBpZtQHsWKcDxbNIgZVCHM0oB9KghWbKIJwoLqWyEeIYGw0pmVdAj2/MuLpH1Wtc+r1k2tXL/K4yiCQ3AEKsAGF6AOGqAJWgCDFDyDV/BmPBkvxrvxMWstGPnMPvgD4/MH0vSVRw==</latexit>

2 H
4(Y4,Z)

<latexit sha1_base64="YBjP0sKvOUfH3broC6U2M2Cb5Q4=">AAAB8nicbVDLSgMxFM3UV62vqks3wSKIizIjFd0IRRe6rGAfMB1KJs20oZlkSO4IZehnuHGhiFu/xp1/Y9rOQlsPhBzOuZd77wkTwQ247rdTWFldW98obpa2tnd298r7By2jUk1ZkyqhdCckhgkuWRM4CNZJNCNxKFg7HN1O/fYT04Yr+QjjhAUxGUgecUrASv5dr4av8Rm2f69ccavuDHiZeDmpoByNXvmr21c0jZkEKogxvucmEGREA6eCTUrd1LCE0BEZMN9SSWJmgmy28gSfWKWPI6Xtk4Bn6u+OjMTGjOPQVsYEhmbRm4r/eX4K0VWQcZmkwCSdD4pSgUHh6f24zzWjIMaWEKq53RXTIdGEgk2pZEPwFk9eJq3zqndRdR9qlfpNHkcRHaFjdIo8dInq6B41UBNRpNAzekVvDjgvzrvzMS8tOHnPIfoD5/MHckSPZw==</latexit>

G4 = ⇤G4
<latexit sha1_base64="q7AP43MwTrNo3Je7cxNXhk2ju0M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiBz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJRzOLqS/wWLKQEWwy6W7YQMNqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0nnou5d1t2HRq15U8RRhhM4hXPw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8dKo2g</latexit>

G4

<latexit sha1_base64="eCQWEPp8zlrFShmCBy4SG8QXHd4=">AAACBnicbZC7SgNBFIZnvcZ4W7UUYTAIVmFXIlpYBC0UbCKYi2TDMjs5SYbMzi4zs0pYUtn4KjYWitj6DHa+jZNkC038YeDjP+dw5vxBzJnSjvNtzc0vLC4t51byq2vrG5v21nZNRYmkUKURj2QjIAo4E1DVTHNoxBJIGHCoB/2LUb1+D1KxSNzqQQytkHQF6zBKtLF8e89jQvvpnV8a4ku/hL0HaHdhjGf42rcLTtEZC8+Cm0EBZar49pfXjmgSgtCUE6WarhPrVkqkZpTDMO8lCmJC+6QLTYOChKBa6fiMIT4wTht3Imme0Hjs/p5ISajUIAxMZ0h0T03XRuZ/tWaiO6etlIk40SDoZFEn4VhHeJQJbjMJVPOBAUIlM3/FtEckodoklzchuNMnz0LtqOgeF52bUqF8nsWRQ7toHx0iF52gMrpCFVRFFD2iZ/SK3qwn68V6tz4mrXNWNrOD/sj6/AEtzZb+</latexit>Z

Y4

G4 ^G4 < K
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➡ Evidence for finiteness of flux choices:   
[Ashoke,Douglas],[Douglas,Shiffman,Zelditch],[Douglas,Lu] using vacuum density

➡ Important note:   fix         in this discussion (finitely many CY) 
<latexit sha1_base64="4zCbIi4nAemZ8zqSJyyV+f2+STY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5WFgQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rFb6RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGWdm7KJ/fVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A44+NjA==</latexit>

Y4

Z
G4 ^G4 =

Z
G4 ^ ⇤G4 < K

<latexit sha1_base64="VLeVuB1w6n1GZiN1BK/DMz2kJKw=">AAACGHicbVDLSgMxFM34rPU16tJNsAjios7Ugi4Uii4U3FSwD2hLyaS3bWgmMyQZpQz9DDf+ihsXirjtzr8xnc5CWw8ETs65l3vv8ULOlHacb2thcWl5ZTWzll3f2Nzatnd2qyqIJIUKDXgg6x5RwJmAimaaQz2UQHyPQ80bXE/82iNIxQLxoIchtHzSE6zLKNFGatsnTSY0vmkXcfMJOj1I6CWeVY+TzwW+a9s5J+8kwPPETUkOpSi37XGzE9DIB6EpJ0o1XCfUrZhIzSiHUbYZKQgJHZAeNAwVxAfVipPDRvjQKB3cDaR5ZqFE/d0RE1+poe+ZSp/ovpr1JuJ/XiPS3fNWzEQYaRB0OqgbcawDPEkJd5gEqvnQEEIlM7ti2ieSUG2yzJoQ3NmT50m1kHdP84X7Yq50lcaRQfvoAB0hF52hErpFZVRBFD2jV/SOPqwX6836tL6mpQtW2rOH/sAa/wCez5xZ</latexit>

➡ This is a very hard math problem! 

→   key challenge:  cut off infinite tails at asymptotic regimes of         when  
       Hodge star degenerates   ⇒  control near boundary regions 

<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M



  Direct approach to finiteness proof
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➡ susy (2,2)-fluxes (W=0)  →  Hodge classes  
apply theorem by [Cattani,Deligne,Kaplan] (paper is strongest evidence for  

 Hodge conjecture)

<latexit sha1_base64="sP6iLKtqLy7qQRz+/JRgU9qS3Dw=">AAACF3icbVDLTsJAFJ3iC/FVdelmIjGBhJAWiboksmGJiTwUkEyHKUyYTpuZqQlp+hdu/BU3LjTGre78GwfoAsGT3OTknHtz7z1OwKhUlvVjpNbWNza30tuZnd29/QPz8Kgp/VBg0sA+80XbQZIwyklDUcVIOxAEeQ4jLWdcnfqtRyIk9fmtmgSk56Ehpy7FSGmpbxZrD1E5zt0Vuh5SI8eJ7uM87GIUQG2UCqVFqxrn+2bWKlozwFViJyQLEtT75nd34OPQI1xhhqTs2FagehESimJG4kw3lCRAeIyGpKMpRx6RvWj2VwzPtDKAri90cQVn6uJEhDwpJ56jO6cnymVvKv7ndULlXvUiyoNQEY7ni9yQQeXDaUhwQAXBik00QVhQfSvEIyQQVjrKjA7BXn55lTRLRfuieH5TzlaukzjS4AScghywwSWogBqogwbA4Am8gDfwbjwbr8aH8TlvTRnJzDH4A+PrFz14nhw=</latexit>

H
4(Y,Z) \H

2,2(Y,C)

use sl(2)-techniques to control every path to every boundary 
however: they use holomorphicity (‘Susy vaccum’) 

➡ first idea:  show that on every path to  
                    every boundary only finitely  
                    many vacua can arise  
                     

➡ general story is orders of magnitude more complicated          

can be done for co-dimension one boundary  
i.e. one coordinate send to limit                       
⇒ use full power of sl(2) asymptotic techniques [Schnell][TG] 
 



  General proof  - What is behind this?
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→  use recent breakthrough by [Bakker,Klingler,Tsimerman]

Hodge theory           tame topology (build-in finiteness)

➡ self-dual fluxes: more general questions      [Bakker,TG,Schnell,Tsimerman]

→  period map:   
                         

<latexit sha1_base64="KwNScx2AatTdOnYiBNwkYU6Wnzc=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXNVERV0WXVRwU8E+oAnlZjpph84kYWYilNCNv+LGhSJu/Qx3/o3TNgttPTBwOOc+5p4g4Uxpx/m2FhaXlldWC2vF9Y3NrW17Z7eh4lQSWicxj2UrAEU5i2hdM81pK5EURMBpMxjcjP3mI5WKxdGDHibUF9CLWMgIaCN17H2vCkIA9gIgA8VB9XEVn+C7jl1yys4EeJ64OSmhHLWO/eV1Y5IKGmlixqi26yTaz0BqRjgdFb1U0cTsgB5tGxqBoMrPJgeM8JFRujiMpXmRxhP1d0cGQqmhCEylAN1Xs95Y/M9rpzq88jMWJammEZkuClOOdYzHaeAuk5RoPjQEiGTmr5j0QQLRJrOiCcGdPXmeNE7L7kX57P68VLnO4yigA3SIjpGLLlEF3aIaqiOCRugZvaI368l6sd6tj2npgpX37KE/sD5/AJ31lSE=</latexit>

�\G/K
<latexit sha1_base64="fh9X2p/5FxuerLLFrxJtDMedu50="></latexit>

� : M �!

      (2)  period map is special map that is ‘tame’ (e.g. near boundaries) 
           

(3) alternative proof to the theorem of [Cattani,Deligne,Kaplan] 

shown by using sl(2)-techniques

(1) arithmetic quotients have certain ‘tame topology’
[BKT] show:



  General proof  - What is behind this?

17

→  use recent breakthrough by [Bakker,Klingler,Tsimerman]

Hodge theory           tame topology (build-in finiteness)

➡ self-dual fluxes: more general questions      [Bakker,TG,Schnell,Tsimerman]

→  period map:   
                         

<latexit sha1_base64="KwNScx2AatTdOnYiBNwkYU6Wnzc=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXNVERV0WXVRwU8E+oAnlZjpph84kYWYilNCNv+LGhSJu/Qx3/o3TNgttPTBwOOc+5p4g4Uxpx/m2FhaXlldWC2vF9Y3NrW17Z7eh4lQSWicxj2UrAEU5i2hdM81pK5EURMBpMxjcjP3mI5WKxdGDHibUF9CLWMgIaCN17H2vCkIA9gIgA8VB9XEVn+C7jl1yys4EeJ64OSmhHLWO/eV1Y5IKGmlixqi26yTaz0BqRjgdFb1U0cTsgB5tGxqBoMrPJgeM8JFRujiMpXmRxhP1d0cGQqmhCEylAN1Xs95Y/M9rpzq88jMWJammEZkuClOOdYzHaeAuk5RoPjQEiGTmr5j0QQLRJrOiCcGdPXmeNE7L7kX57P68VLnO4yigA3SIjpGLLlEF3aIaqiOCRugZvaI368l6sd6tj2npgpX37KE/sD5/AJ31lSE=</latexit>

�\G/K
<latexit sha1_base64="fh9X2p/5FxuerLLFrxJtDMedu50="></latexit>

� : M �!

      (2)  period map maps ‘finitely many sets to finitely many sets’           

(1) arithmetic quotients can be covered by ‘finitely many patches’

Very roughly:
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→  use recent breakthrough by [Bakker,Klingler,Tsimerman]

Hodge theory           tame topology (build-in finiteness)

➡ self-dual fluxes: more general questions      [Bakker,TG,Schnell,Tsimerman]

➡ What about the self-dual vacua?         

→  we show that ‘tameness’ is obtained when imposing tadpole bound 

<latexit sha1_base64="2NyOvf51Rai12y6v0pE1BJ2oQeA="></latexit>

V : M⇥ (flux lattice) ! R infinite discrete set

vacuum condition: finitely many  
zero-sets? 

<latexit sha1_base64="haFmXul8glJmSOGe4veoJqoQb+4="></latexit>

V (t⇤, G4) = Ck ⇤G4 �G4k2
!
= 0
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→  use recent breakthrough by [Bakker,Klingler,Tsimerman]

Hodge theory           tame topology (build-in finiteness)

➡ self-dual fluxes: more general questions      [Bakker,TG,Schnell,Tsimerman]

<latexit sha1_base64="271Ob00c4bC+zh2bBKqev0uNsww=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxo1QwT5gOpRMmmlDM8mQ3BHK0M9w40IRt36NO//GTDsLbT0QOJxzLzn3hIngBlz32ymtrK6tb5Q3K1vbO7t71f2DtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb3O/88S04Uo+wiRhQUyGkkecErCS34sJjCgR2f20X625dXcGvEy8gtRQgWa/+tUbKJrGTAIVxBjfcxMIMqKBU8GmlV5qWELomAyZb6kkMTNBNos8xSdWGeBIafsk4Jn6eyMjsTGTOLSTeUSz6OXif56fQnQdZFwmKTBJ5x9FqcCgcH4/HnDNKIiJJYRqbrNiOiKaULAtVWwJ3uLJy6R9Vvcu6+cPF7XGTVFHGR2hY3SKPHSFGugONVELUaTQM3pFbw44L8678zEfLTnFziH6A+fzB4UmkWs=</latexit>

M

⇒  pairs form finitely many subsets of 
<latexit sha1_base64="cFEw3mM2o4ohf63mHXF1oaNjACI=">AAACEXicbVC7TgJBFJ3FF+ILtbSZSEywIbtq1JJoY2OCiTwSIGR2uAsTZh+ZuWsgG37Bxl+xsdAYWzs7/8ZZoFDwJpM5Oec+jxtJodG2v63M0vLK6lp2PbexubW9k9/dq+kwVhyqPJSharhMgxQBVFGghEakgPmuhLo7uE71+gMoLcLgHkcRtH3WC4QnOENDdfLFls+wz5lMbse0hcIHbT4YYlL0ZDykkiEKDsfjTr5gl+xJ0EXgzECBzKLSyX+1uiGPfQiQS6Z107EjbCdMmX4SxrlWrCFifMB60DQwYGZ0O5lcNKZHhulSL1TmBUgn7O+KhPlaj3zXZKb763ktJf/TmjF6l+1EBFGMEPDpIC+WFEOa2kO7QgFHOTKAcSXMrpT3mWIcjYk5Y4Izf/IiqJ2UnPPS6d1ZoXw1syNLDsghKRKHXJAyuSEVUiWcPJJn8krerCfrxXq3PqapGWtWs0/+hPX5A9v4nas=</latexit>

M⇥ (flux lattice)



Minimal structure for the 
landscape
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  A mathematical structure with finiteness

➡ develop a mathematical framework that respects finiteness:

‣ remove pathologies that can occur in ‘ordinary topology’

‣ Grothendieck’s dream of a tame topology   [Esquisse d’un programme]
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➡ theory of o-minimal structures gives a generalization of algebraic geometry 
and provides a tame topology   
 

intro book [van den Dries]

many functions do not work:
<latexit sha1_base64="IBnRQqegElu/QsfBjNilwQexSLc=">AAACKXicbVDNS8MwHE39nPOr6tFLcAjbwdGq6C7C0IvHCe4D1jrSLNvC0rRLUmGU/Tte/Fe8KCjq1X/EtOthbj4IvLz3fiS/54WMSmVZX8bS8srq2npuI7+5tb2za+7tN2QQCUzqOGCBaHlIEkY5qSuqGGmFgiDfY6TpDW8Sv/lIhKQBv1fjkLg+6nPaoxgpLXXMaqPohANaglfQkZSnl4f4xJ6UnNEoQl044ydWZT7WMQtW2UoBF4mdkQLIUOuYb043wJFPuMIMSdm2rVC5MRKKYkYmeSeSJER4iPqkrSlHPpFunG46gcda6cJeIPThCqbq7ESMfCnHvqeTPlIDOe8l4n9eO1K9ihtTHkaKcDx9qBcxqAKY1Aa7VBCs2FgThAXVf4V4gATCSpeb1yXY8ysvksZp2b4on92dF6rXWR05cAiOQBHY4BJUwS2ogTrA4Am8gHfwYTwbr8an8T2NLhnZzAH4A+PnFzaXpDA=</latexit>

V (�) = sin(��1) V (�) = �8 sin(��1)

discussed by 
[Acharya,Douglas]

<latexit sha1_base64="6tG2mcSl74OZOAT3eiGBSJoVXFs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9SIEvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vf3tLyyuraemGjuLm1vbNb2ttvGJVqQutEcaVbETaUM0nrlllOW4mmWEScNqPh7cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0UkG7Nrvlsp+xZ8CLZIgJ2XIUeuWvjo9RVJBpSUcG9MO/MSGGdaWEU7HxU5qaILJEPdp21GJBTVhNr12jI6d0kOx0q6kRVP190SGhTEjEblOge3AzHsT8T+vndr4KsyYTFJLJZktilOOrEKT11GPaUosHzmCiWbuVkQGWGNiXUBFF0Iw//IiaZxWgovK2f15uXqTx1GAQziCEwjgEqpwBzWoA4FHeIZXePOU9+K9ex+z1iUvnzmAP/A+fwAItI7I</latexit>

� = 0→ infinitely many zeros near 

➡ recall:                                       with tadpole to have finitely many  
                                                 solutions V has to be special  

<latexit sha1_base64="fhxvYTzOGiUymnSfIVEtmHHh8/o="></latexit>

V (t⇤, G4)
!
= 0



  A mathematical structure with finiteness

➡ develop a mathematical framework that respects finiteness:

‣ remove pathologies that can occur in ‘ordinary topology’

‣ Grothendieck’s dream of a tame topology   [Esquisse d’un programme]
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➡ theory of o-minimal structures gives a precise answer to what 
this special property for the flux scalar potential is 

➡ theory of o-minimal structures gives a generalization of algebraic geometry 
and provides a tame topology   
 

intro book [van den Dries]



  Finite subsets on the real line
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finitely many point

finitely many intervals

open intervals  
(infinitely long)

➡ simplest situation:   finite subsets of

➡ much harder to extend this to       .   Some intuitive requirements:

‣ projections to       should give the above sets


‣ finite unions, intersections, and products should be allowed 

<latexit sha1_base64="wRuDGWaeWxl3Jhn3NTN+AijL0pY=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURE3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfBOtIslp+yMgGaJOyGl8w/7LHn9sqvt4qfXiUkaUaEJx0q1XCfRfoalZoTToe2liiaY9HGXtgwVOKLKz0aZh2jfKB0UxtI8odFI/b2R4UipQRSYyTyjmvZy8T+vlerw1M+YSFJNBRkfClOOdIzyAlCHSUo0HxiCiWQmKyI9LDHRpibblOBOf3mW1A/L7nH56NopVS5gjALswh4cgAsnUIErqEINCCTwAE/wbKXWo/VivY1H56zJzg78gfX+A6eWlRg=</latexit>

Rn

<latexit sha1_base64="VhLgOSJyjt/V4lExQvz0yOVpQFQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqhex6MVjFfuBbSib7aZdutmE3Y1QQv+FFw+K6NEf4t2L+G/ctD1o64OBx3szzJvxY86UdpxvK7ewuLS8kl+119Y3NrcK2zt1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDy8xv3FOpWCRu9TCmXoh7ggWMYG2ku3aIdd/305tRp1B0Ss4YaJ64U1I8/7DP4rcvu9opfLa7EUlCKjThWKmW68TaS7HUjHA6stuJojEmA9yjLUMFDqny0nHiETowShcFkTQlNBqrvydSHCo1DH3TmSVUs14m/ue1Eh2ceikTcaKpIJNFQcKRjlB2PuoySYnmQ0MwkcxkRaSPJSbaPMk2T3BnT54n9aOSWy4dXzvFygVMkIc92IdDcOEEKnAFVagBAQEP8ATPlrIerRfrddKas6Yzu/AH1vsPH+OUOA==</latexit>

R

<latexit sha1_base64="VhLgOSJyjt/V4lExQvz0yOVpQFQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqhex6MVjFfuBbSib7aZdutmE3Y1QQv+FFw+K6NEf4t2L+G/ctD1o64OBx3szzJvxY86UdpxvK7ewuLS8kl+119Y3NrcK2zt1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDy8xv3FOpWCRu9TCmXoh7ggWMYG2ku3aIdd/305tRp1B0Ss4YaJ64U1I8/7DP4rcvu9opfLa7EUlCKjThWKmW68TaS7HUjHA6stuJojEmA9yjLUMFDqny0nHiETowShcFkTQlNBqrvydSHCo1DH3TmSVUs14m/ue1Eh2ceikTcaKpIJNFQcKRjlB2PuoySYnmQ0MwkcxkRaSPJSbaPMk2T3BnT54n9aOSWy4dXzvFygVMkIc92IdDcOEEKnAFVagBAQEP8ATPlrIerRfrddKas6Yzu/AH1vsPH+OUOA==</latexit>

R



  O-minimal structure as a tame topology

➡ Definition:  An o-minimal structure      of sets                        :          

‣         are subsets of 

‣         is closed under finite intersections, finite unions and complements

‣ collection            closed under finite Cartesian products & coordinate 

projections

‣         contain zero set of every polynomial in n variables is in

‣          is the finite union of intervals and points

23

<latexit sha1_base64="J9lpDP3uoPk9PdJccvCqQBuVbBM=">AAAB/XicdVDLSgMxFM34rPVVHzs3wSK4KENSRduFILpxqWhroVOGTJrW0ExmSDJCHQZ/xY0LRdz6H+78GzNtBRU9cOFwzr3ce08QC64NQh/O1PTM7Nx8YaG4uLS8slpaW2/qKFGUNWgkItUKiGaCS9Yw3AjWihUjYSDYdTA4zf3rW6Y0j+SVGcasE5K+5D1OibGSX9r0UnjpS+hlfiqPUAVXXDfzS2XkIoQwxjAn+PAAWVKv16q4BnFuWZTBBOd+6d3rRjQJmTRUEK3bGMWmkxJlOBUsK3qJZjGhA9JnbUslCZnupKPrM7hjlS7sRcqWNHCkfp9ISaj1MAxsZ0jMjf7t5eJfXjsxvVon5TJODJN0vKiXCGgimEcBu1wxasTQEkIVt7dCekMUocYGVrQhfH0K/yfNqosP3L2L/fLxySSOAtgC22AXYHAIjsEZOAcNQMEdeABP4Nm5dx6dF+d13DrlTGY2wA84b59I/JPY</latexit>

{Sn}n=0,1,..

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="D1PWte8UWpuvp59R/E7Hw4Hh3x4=">AAACHHicbZBNS8MwGMdTX+d8q3r0EhyCBxmtE/U49OJxonuBtpQ0S7ewNC1JKozSD+LFr+LFgyJePAh+G7Ougm4+EPjx/z9P8uQfJIxKZVlfxsLi0vLKamWtur6xubVt7ux2ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBuMriZ+954ISWN+p8YJ8SI04DSkGCkt+WYjc4tLHDEIvMyqW0Udz0HuZvDW59DNYe6btR8ZzoNdQg2U1fLND7cf4zQiXGGGpHRsK1FehoSimJG86qaSJAiP0IA4GjmKiPSyYq8cHmqlD8NY6MMVLNTfExmKpBxHge6MkBrKWW8i/uc5qQovvIzyJFWE4+lDYcqgiuEkKdingmDFxhoQFlTvCvEQCYSVzrOqQ7BnvzwPnZO6fVZv3JzWmpdlHBWwDw7AEbDBOWiCa9ACbYDBA3gCL+DVeDSejTfjfdq6YJQze+BPGZ/fM2edEQ==</latexit>

{Sn}

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="qiPUkKe8u4GoBd7LJbUZ0RTRXm4=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJanSx67oxmVF+4DpUDJp2oZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc+4l554wFtxYhD68ldW19Y3N3FZ+e2d3b79wcNg2KtGUtagSSndDYpjgkrUst4J1Y81IFArWCSdXmd+5Z9pwJe/sNGZBREaSDzkl1kl+LyJ2TIlIb2f9QhGVEEIYY5gRXK0gR+r1WhnXIM4shyJYotkvvPcGiiYRk5YKYoyPUWyDlGjLqWCzfC8xLCZ0QkbMd1SSiJkgnUeewVOnDOBQafekhXP1+0ZKImOmUegms4jmt5eJf3l+Yoe1IOUyTiyTdPHRMBHQKpjdDwdcM2rF1BFCNXdZIR0TTah1LeVdCV+Xwv9Ju1zCldL5zUWxcbmsIweOwQk4AxhUQQNcgyZoAQoUeABP4Nmz3qP34r0uRle85c4R+AHv7RPbOpGn</latexit>

S

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="I+AysDjr6D8Hfyp29fUJtON7aVQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLO9OGu6MZlpfYB7VAyaaYNzWSGJCOUoZ/gxoUibv0id/6N6UNQ0QMXDufcy733BAlnSiP0YeXW1jc2t/LbhZ3dvf2D4uFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hrud+6pVCwWd3qaUD/CI8FCRrA2UrM5cAbFErKRe+mWXYhst+xVvIohXq2GylXo2GiBElihMSi+94cxSSMqNOFYqZ6DEu1nWGpGOJ0V+qmiCSYTPKI9QwWOqPKzxakzeGaUIQxjaUpouFC/T2Q4UmoaBaYzwnqsfntz8S+vl+qw5mdMJKmmgiwXhSmHOobzv+GQSUo0nxqCiWTmVkjGWGKiTToFE8LXp/B/0r6wnYrt3nql+tUqjjw4AafgHDigCurgBjRACxAwAg/gCTxb3Hq0XqzXZWvOWs0cgx+w3j4BTa+N1g==</latexit>

S1



  O-minimal structure as a tame topology
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➡    -definable functions among the      ’s are those whose graph is part  
of the o-minimal structure

<latexit sha1_base64="qiPUkKe8u4GoBd7LJbUZ0RTRXm4=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJanSx67oxmVF+4DpUDJp2oZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc+4l554wFtxYhD68ldW19Y3N3FZ+e2d3b79wcNg2KtGUtagSSndDYpjgkrUst4J1Y81IFArWCSdXmd+5Z9pwJe/sNGZBREaSDzkl1kl+LyJ2TIlIb2f9QhGVEEIYY5gRXK0gR+r1WhnXIM4shyJYotkvvPcGiiYRk5YKYoyPUWyDlGjLqWCzfC8xLCZ0QkbMd1SSiJkgnUeewVOnDOBQafekhXP1+0ZKImOmUegms4jmt5eJf3l+Yoe1IOUyTiyTdPHRMBHQKpjdDwdcM2rF1BFCNXdZIR0TTah1LeVdCV+Xwv9Ju1zCldL5zUWxcbmsIweOwQk4AxhUQQNcgyZoAQoUeABP4Nmz3qP34r0uRle85c4R+AHv7RPbOpGn</latexit>

S <latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn

Now there is a clear definition of ‘tame’ functions:

Remarkable consequence:    definable 
<latexit sha1_base64="D3n6zo9Z4P76cLKnGfZmujVmRC0=">AAACDXicbVDLSsNAFJ3UV62vqEtFBqvgqiQiKq6Kbly2Yh/QhDKZTtqhk0yYmSgldOnGjb/iRqgibt278xv8CSdtF7X1wIXDOfdy7z1exKhUlvVtZObmFxaXssu5ldW19Q1zc6sqeSwwqWDOuKh7SBJGQ1JRVDFSjwRBgcdIzetepX7tjghJeXirehFxA9QOqU8xUlpqmgf+BXQCpDqel9z0oSNou6OQEPx+Qm6aeatgDQFniT0m+eLuoPzzsDcoNc0vp8VxHJBQYYakbNhWpNwECUUxI/2cE0sSIdxFbdLQNEQBkW4y/KYPD7XSgj4XukIFh+rkRIICKXuBpzvTC+W0l4r/eY1Y+eduQsMoViTEo0V+zKDiMI0GtqggWLGeJggLqm+FuIMEwkoHmNMh2NMvz5LqccE+LZyUdRqXYIQs2AH74AjY4AwUwTUogQrA4BE8g1fwZjwZL8a78TFqzRjjmW3wB8bnL3/gn5A=</latexit>

f : R ! R

split      into finite number  
of intervals f is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="VhLgOSJyjt/V4lExQvz0yOVpQFQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqhex6MVjFfuBbSib7aZdutmE3Y1QQv+FFw+K6NEf4t2L+G/ctD1o64OBx3szzJvxY86UdpxvK7ewuLS8kl+119Y3NrcK2zt1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDy8xv3FOpWCRu9TCmXoh7ggWMYG2ku3aIdd/305tRp1B0Ss4YaJ64U1I8/7DP4rcvu9opfLa7EUlCKjThWKmW68TaS7HUjHA6stuJojEmA9yjLUMFDqny0nHiETowShcFkTQlNBqrvydSHCo1DH3TmSVUs14m/ue1Eh2ceikTcaKpIJNFQcKRjlB2PuoySYnmQ0MwkcxkRaSPJSbaPMk2T3BnT54n9aOSWy4dXzvFygVMkIc92IdDcOEEKnAFVagBAQEP8ATPlrIerRfrddKas6Yzu/AH1vsPH+OUOA==</latexit>

R

Another consequence:  definable + holomorphic                          is algebraic 
<latexit sha1_base64="2Ug92bBKdNqXLpo9ppaFgABLJaY=">AAACDXicbVDLSsNAFJ3UV62vqEtFBqvgqiQiKq6K3bhswT6gCWUynbRDJ5kwM1FK6NKNG3/FjVBF3Lp35zf4E07aLmrrgQuHc+7l3nu8iFGpLOvbyCwsLi2vZFdza+sbm1vm9k5N8lhgUsWccdHwkCSMhqSqqGKkEQmCAo+RutcrpX79jghJeXir+hFxA9QJqU8xUlpqmUf+FXQCpLqel5QG0BG001VICH4/JbfMvFWwRoDzxJ6QfHF/WPl5OBiWW+aX0+Y4DkioMENSNm0rUm6ChKKYkUHOiSWJEO6hDmlqGqKASDcZfTOAx1ppQ58LXaGCI3V6IkGBlP3A053phXLWS8X/vGas/Es3oWEUKxLi8SI/ZlBxmEYD21QQrFhfE4QF1bdC3EUCYaUDzOkQ7NmX50nttGCfF84qOo1rMEYW7IFDcAJscAGK4AaUQRVg8AiewSt4M56MF+Pd+Bi3ZozJzC74A+PzF1Dxn3I=</latexit>

f : C ! C



  Examples of o-minimal structures

➡ there is no unique choice of o-minimal structure on         :

‣ examples are obtained by stating which functions are allowed  

to generate some of the sets

25

➡ Some remarkable examples:


‣ structure generated by graphs of real polynomials: 


‣             plus graphs of restricted real analytic functions:


‣             plus graph of exponential function:


‣ combination of              and               :            
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<latexit sha1_base64="EcodO6nDDjJ6mMZOK3PIoZlFnUM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkqioi6LblxWsQ9oQphMp+3QySTM3IglZuGvuHGhiFt/w51/46TNQlsPDBzOuZd75gQxZwps+9soLSwuLa+UVytr6xubW+b2TktFiSS0SSIeyU6AFeVM0CYw4LQTS4rDgNN2MLrK/fY9lYpF4g7GMfVCPBCszwgGLfnmnhtiGAZBepv5qQv0AVIsssw3q3bNnsCaJ05BqqhAwze/3F5EkpAKIBwr1XXsGLwUS2CE06ziJorGmIzwgHY1FTikyksn+TPrUCs9qx9J/QRYE/X3RopDpcZhoCfztGrWy8X/vG4C/QsvZSJOgAoyPdRPuAWRlZdh9ZikBPhYE0wk01ktMsQSE9CVVXQJzuyX50nruOac1U5uTqv1y6KOMtpHB+gIOegc1dE1aqAmIugRPaNX9GY8GS/Gu/ExHS0Zxc4u+gPj8wc1pJbi</latexit>Ran
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[Wilikie ’96]

[vd Dries, Miller ’94]

➡ Note:   period map is a                  - definable function 
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp [BKT ’18]
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Set of effective theories 
arising from string theory

collect vectors: 
 

          moduli space  
rank gauge group  
  matter spectrum
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The string landscape is definable in an                      
                 o-minimal structure and all coupling  
functions in the effective theory are definable.
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Conjecture :
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➡ Highly non-trivial finiteness result for the number of self-dual flux vacua

➡ Uncover the structure of complex structure moduli space using  
asymptotic Hodge theory  
- sl(2) structure allows for a classification of boundaries 
- reconstruction of the near boundary periods

⇒   no need to scan through CY-examples  
⇒   ready to make general proofs of recent conjectures 

➡ Suggested to use o-minimal structure to describe the string theory vacuum 
landscape
⇒   build-in finiteness properties 
⇒   general enough for also non-supersymmetric situations 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Thanks for listening!



   An application:  vacua with small vacuum W   

11

➡ construction of vacua with exponentially small vacuum superpotential 
near LCS + conifold 

<latexit sha1_base64="W4RF0Fjfl+3Y6jfDvRA/yQnEOIs="></latexit>

⇧(t) = ⇧pol(t) +⇧ess(t)recall:
<latexit sha1_base64="XPE/N3wajob667vOQj4kzhtEZzc="></latexit>

Kcs = �log(Kpol +Kinst)
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W = Wpol +Winst

Inconsistent near many boundaries (only approximation near LCS):  
restriction to polynomial behavior does not exchange with derivative

vacua?:

where the sum over ri runs over at least one ri 6= 0. Similar to the expansion of the Kähler
potential (2.15), essential instantons in the periods can play an important role for the superpo-
tential, meaning one cannot drop all terms in Winst near the boundary. For instance, one can
find that some flux quanta only enter the superpotential through Winst, as is the case for the
class of Seiberg-Witten boundaries considered in section 3.2.

Finally, let us get to the asymptotic behavior of the scalar potential (2.8). This is most
easily understood by using the formulation in terms of the Hodge star operator, since its
near-boundary behavior is relatively simple compared to the F-terms of the above superpotential.
By performing a near-boundary expansion for the Hodge star one finds a leading polynomial
piece and subleading exponential corrections, similar to our previous approximations. However,
a crucial observation about this asymptotic behavior is that the polynomial part of the Hodge
star operator is already non-degenerate. In contrast to Kähler potential (2.15), one can therefore
safely drop exponential corrections to the Hodge star without losing essential information.
Furthermore, the non-degeneracy of the polynomial Hodge star means that all fluxes will enter
in the scalar potential already at polynomial order.

This last observation appears to be in contradiction with our study of the superpotential
(2.18) at first sight, since from this perspective we found some fluxes that only appears at
exponential order. In order to resolve this seeming conundrum it is instructive to recall that
the scalar potential (2.8) is computed by contracting the inverse Kähler metric K

IJ̄ with
covariant derivatives of the superpotential DIW and its conjugate. Now if the polynomial
Kähler metric is degenerate, then essential corrections in Kinst resolve this singular behavior,
yielding exponentially small eigenvalues. Conversely, one finds that the inverse Kähler metric
must have some exponentially large eigenvalues. For the scalar potential this means that the
scaling of essential exponential corrections in DIWinst is cancelled o↵ by these eigenvalues of
the inverse Kähler metric K

IJ̄ , such that all fluxes appear at polynomial order. In other words,
these exponential terms in the superpotential produce polynomial terms in the scalar potential,
so these essential corrections in Winst cannot be dropped at the leading perturbative level.2

2.3 Engineering vacua with small W0

We now lay out our strategy for engineering vacua with a small flux superpotential. This
construction relies on first searching for solutions to the F-term equations coming from the
polynomial periods ⇧pol and supplementing them accordingly with constraints involving essential
instantons in order to stabilize all moduli. As a result we will have Wpol = 0 and consequently
an exponentially small vacuum superpotential W0. This procedure is then explicitly applied to
the one- and two-moduli type II models in sections 3.1 and 3.2 respectively.

Let us begin by writing down the relevant extremization conditions at polynomial level for
our flux vacua. As we want to engineer vacua with an exponentially small superpotential, we
require the polynomial part in the expansion of the superpotential (2.18) to vanish

Wpol

��
⇤ = 0 , (2.19)

2Similar to the sidenote on the Kähler metric, only metric-essential corrections needed to span H
2,1(Y3,C)

with derivatives of ⌦ are relevant for the superpotential. Other essential instantons do produce exponentially
suppressed terms in the scalar potential, and can therefore be ignored at the perturbative level.
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where we used a star to denote the evaluation of moduli at their vevs. At the polynomial level
of the superpotential the vanishing F-term constraints (2.9) can then be written as

hF3 � ⌧⇤H3, e
ti⇤NiNaa0i = 0 , hH3, e

ti⇤Nia0i = 0 , hF3, e
ti⇤Nia0i = 0 . (2.20)

The first set of equations follows from @aWpol

��
⇤ = 0, while the latter two follow from @⌧Wpol

��
⇤ = 0.

Note that we replaced the covariant derivative by a partial derivative for all constraints since
Wpol

��
⇤ = 0 for the flux vacua we are interested in.

It is important to stress that these polynomial level conditions (2.20) do not su�ce to obtain
the vacua of the scalar potential. The vectors Naa0 can be parallel or even vanishing resulting in
a insu�cient set of F-term conditions at the polynomial level. Another way to observe this is by
looking at the scalar potential Vpol obtained from the complete V defined in (2.8) by dropping
all exponentially suppressed corrections in the final expression. We now look for a combination
� of moduli that is not constrained by the condition (2.20). If such an unfixed direction � exists,
two possibilities can occur:

(1) The direction � is a flat direction of the polynomial scalar potential Vpol. This implies that
� is massless at polynomial order, but might obtain an exponentially small mass upon
including either essential or non-essential instanton corrections.

(2) The direction � is not a flat direction of the polynomial scalar potential Vpol, but rather
has a mass term already at polynomial order. This implies that their mass term must
arise from metric-essential instantons correcting the periods.

Let us comment on these two cases in turn. First, note that for case (1) the field t⇤ not
appearing in Vpol might still be stabilized after including instanton corrections. If non-essential
instantons are used in order to ensure the stabilization one needs to check if such corrections are
actually present for a given Calabi-Yau geometry and implement an appropriate stabilization
scheme, such as a racetrack potential. To make this concrete in explicit examples was one of the
successes of [8–10]. In particular, it was shown that this can be done at large complex structure
point in [8]. While there are no essential instantons in this asymptotic limit, it is well-known
that generically instanton corrections arise and contribute to the superpotential. Second, we
note that realization of case (2) is primarily dependent only on the type of asymptotic regime,
since we have a systematic classification in which asymptotic regime certain essential instanton
corrections have to be present. One has thus a stabilization mechanism that is independent of
the actual Calabi-Yau geometry that realizes this limit. In the following we will focus on case
(2) and explain in detail how such situations can be engineered.

To gain a better understanding of what happens in case (2), let us note that such vacua
exactly arise if the polynomial part of the Kähler potential Kpol yields a degenerate Kähler
metric, i.e. when the full Kähler metric has exponential eigenvalues. To see this we recall
from the discussion below (2.18) that such a Kähler metric allows exponentially suppressed
contributions in the F-terms to enter the scalar potential (2.8) at polynomial order. Hence,
the stabilization of the moduli at polynomial order requires a more careful treatment of the
complete F-terms supplementing (2.20) by additional constraints coming from metric-essential
instantons.

Let us outline an approach to read o↵ these additional constraints by a more careful
treatment of the F-terms. The exponentially suppressed contributions in the F-terms appear in
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hF3 � ⌧⇤H3, e
ti⇤NiNaa0i = 0 , hH3, e

ti⇤Nia0i = 0 , hF3, e
ti⇤Nia0i = 0 . (2.20)

The first set of equations follows from @aWpol

��
⇤ = 0, while the latter two follow from @⌧Wpol

��
⇤ = 0.
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��
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➡ constructions can be conceptually understood using asymptotic Hodge 
theory near every boundary + new vacua using essential instantons          
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  Small W from essential instantons 

➡ Example:  boundaries with “Type II points” (Seiberg-Witten points)
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<latexit sha1_base64="7CmcDzwuMHPL0Y/BFhHyWW+WXTo="></latexit>

Kcs = �log(y1 + ny2 +Kinst)

➡ flux superpotential has polynomial and exponentially suppressed terms

solve:                                                                                    become polynomial
<latexit sha1_base64="jtNHfaE5oYIxD+1QffnNIPtQF/M=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPJVdKepFKHrxWMF+QLss2TRtQ5PNkmSFuvSXePGgiFd/ijf/jWm7B219MPB4b4aZeVHCmTae9+0U1tY3NreK26Wd3b39sntw2NIyVYQ2ieRSdSKsKWcxbRpmOO0kimIRcdqOxrczv/1IlWYyfjCThAYCD2M2YAQbK4VuuR1mPSVQIvkUXSMvdCte1ZsDrRI/JxXI0Qjdr15fklTQ2BCOte76XmKCDCvDCKfTUi/VNMFkjIe0a2mMBdVBNj98ik6t0kcDqWzFBs3V3xMZFlpPRGQ7BTYjvezNxP+8bmoGV0HG4iQ1NCaLRYOUIyPRLAXUZ4oSwyeWYKKYvRWREVaYGJtVyYbgL7+8SlrnVf+iWruvVeo3eRxFOIYTOAMfLqEOd9CAJhBI4Rle4c15cl6cd+dj0Vpw8pkj+APn8wdtjpJL</latexit>

Wpol = 0
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DtiW = 0
<latexit sha1_base64="rIiSBuBGTZ+CtJ0xhnCFL8M/+ew=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBchqAePEcwDkjXMTibJkNnZZaZXCUv+w4sHRbz6L978GyfJHjSxoKGo6qa7K4ilMOi6305uaXlldS2/XtjY3NreKe7u1U2UaMZrLJKRbgbUcCkUr6FAyZux5jQMJG8Ew+uJ33jk2ohI3eMo5n5I+0r0BKNopYebTtpGmoxJg1wSt1MsuWV3CrJIvIyUIEO1U/xqdyOWhFwhk9SYlufG6KdUo2CSjwvtxPCYsiHt85aliobc+On06jE5skqX9CJtSyGZqr8nUhoaMwoD2xlSHJh5byL+57US7F34qVBxglyx2aJeIglGZBIB6QrNGcqRJZRpYW8lbEA1ZWiDKtgQvPmXF0n9pOydlU/vTkuVqyyOPBzAIRyDB+dQgVuoQg0YaHiGV3hznpwX5935mLXmnGxmH/7A+fwB3f+RdA==</latexit>

D⌧W = 0

needs essential instantons for non- 
degeneracy of metric constructed

→  metric has exponentially small eigenvalue metric-essential  
instantons

➡ moduli stabilized by metric-essential instantons in W:  polynomial masses

→  leading polynomial scalar potential after cancellation of exponentials 
→  matches the result for the Hodge norm in asymptotic Hodge theory 


