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» Given a lattice model with local interactions, there typically
exists an effective Quantum Field Theoretic description at
low energy or long distances.

» However, recently, a large class of lattice spin models have
surfaced that do not seem to admit a standard continuum
field theoretic description [1].

» The most striking feature of these models are quasi-particle
excitations with restricted mobility, e.g. fractons that are
pinned to a point, lineons that are confined to a line,
planons that are confined to a plane, etc.

» Physicists are still trying to understand how to adapt the
field theoretic techniques to describe the continuum limit of
fractonic systems [2].

[1] Haah [1101.1962]; Vijay, Haah, Fu [1505.02576, 1603.04442]; Pretko [1604.05329]
[2] Seiberg, Shao [2003.10466, 2004.00015] 2
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X-CUBE MODEL
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Ac = HXf

reC

Xplyp = — Ly Xy
X>=7=1

[1] Vijay, Haah, Fu (2016) [1603.04442]. 3



X-CUBE MODEL
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» Large number of ground states.
On a 3-torus with periodic boundary conditions, the ground
state degeneracy scales as

ground states = 2Lyl
A/
> SgbsysteT SymmeFry. | ) AI."=."
T ‘e H?.ml tor.uan‘ 1S Invariant under ' T
spin-flips acting independently on planes. Al=a==
‘IV‘IV
/ /U

» Restricted Mobility.
The model admits quasiparticle excitations that are unable
to move freely in space.
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unable to move can only move in one direction




FRACTONS AND LINEONS IN X-CUBE MODEL

» Dipolar bound states of fractons and lineons can move in a plane.
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DIPOLE SYMMETRY
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» From the point of view of continuum description, these
exotic features can be understood as the consequence of
dipole and multipole symmetries.

» If dipole moment is conserved in a field theory, charged
excitations can only be created in quadrupoles. Once
created, a charged excitation cannot move on its own
without violating dipole moment conservation.

» In continuum, fractonic lattice models are described by a
phase where the dipole symmetry is spontaneously broken.




DIPOLE SYMMETRY

» Consider a field theory with a conserved U(1) charge

| d

0J'+0J =0 = d—tJd3th = _?Edzxfi
such that the flux is J' = 0.JY with J¥ = J".
[t follows

iJ'd3)cJt b= ?gdzx (Jil —Jlxi)
dz

d . .
—[d3le = ?gdzx 0.J"*
ds

d . .
” Jd3x (J X x) = <Jg d“x €30’ Lxk




DIPOLE SYMMETRY
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» We will focus on field theories with conserved dipole moment.

» The dipole symmetry algebra is given as

[Q’ "'] : [J, P = i€ P, [P, D] = i5,Q
o 1., 1] = ie;pd; [D;,D;] =0

» The associated Ward identities are

H: 0e'+0de' =0
P: on+ 6j7‘7 =0

J.: €l-jijk =0 = o, (Gijkﬂ'jxk> = — 0, (el-jkfjlxk>
;

D;: J=0J" = 9,(J'x)

l

0 at]t | ai]i _ 0 (Jij — ]jxi>




SCALAR CHARGE THEORY
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» Consider the scalar field theory [1]
S = Jdt d3x (i(I)*()t(D + A Dlj(CI)*, O*DY(D, @) — V(CID*(I>)>

§
E

’.

O =Pe
3 [t is invariant under global monopole and dipole transformations
' | D,(®, @)
O — exp(ig\) © O — exp(igyx') O = ¢2¢D (D, D)
. . . i®*e*?0,0,
» The monopole and dipole conserved currents are given as i

J' = O*D

Ji = 0,( iADI(@*, &1)®? +c.c.)

a]]l] =Jl

JY = iA DY(D*, ®*)D* + c.c.

[1] Pretko [1807.11479] 10
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i SCALAR CHARGE THEORY
.

» We can gauge the monopole and dipole symmetries using a set of gauge fields
P’

A — A+ JA, A=A+ oA+ y, a; = a; + 6il//j + 6j1//i

Note: we can gauge fix the dipole symmetry by setting A, = 0 leading to y; = — d.A.

l

" » The modified scalar field theory is
S = Jdt dx (iCID*DtCD + A D (D~, O*)DY(P, P) — V(CI)*(D)) + Sgauge
D® =0 — igA,D, D® =00 —igAD
lq

— 2

J', J', JV can be obtained by varying the action with respect to A,, A, aj.

11
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SYMMETRIC TENSOR GAUGE THEORY
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> The monopole field strength F,, = d,A, — 0,A, is not dipole-invariant

i 1 ijk i ijk E’
L, =F,— E — oy, Bzae Fiy = B"+ €7 0y
S = | drd’ 0 E.E' : B.B! not allowed
gauge = [dId™x o L —2—”01'

» Define dipole gauge field and field strength

| ! |
Af=Fyst b= (Fyvay) st = Al al+oyt

ko k k
F,,=0A,—0A,
Dipole field strength is invariant under both monopole and dipole transformations.

12
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SYMMETRIC TENSOR GAUGE THEORY
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k

> We can use the dipole field strength /-, to obtain a dipole-invariant gauge theory

— K —

BK — kgl — ckijg o1 _ Rk
i g

S —Idtd3x 0p pii _ __pg pi
auge — )] A P
S4S 4707 opy Y

\J

The gauge field equations of motion lead to

0,0,E7 = E—Jf, X0 B/ + €Xio B = uy (JV + €,0,EY)
0

» We will see that there is an obstruction is coupling this theory to curved space.

[1] Pretko [1604.05329] 13



COUPLING TO CURVED BACKGROUND
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» We wish to couple quantum field theories with conserved
dipole moment to curved spacetime background.

» These theories have no boost symmetry — Galilean or
Lorentzian. Therefore the “observer” or “reference frame’
makes an integral part of the spacetime geometry.

Must couple to Aristotelian spacetimes [1].

)

» We can use variations with respect to the spacetime sources
to obtain the spacetime conserved currents: energy density/
flux, momentum density, and stress tensor.

[1] de Boer, Hartong, Have, Obers, Sybesma [1710.04708] 14




ARISTOTELIAN SPACETIMES
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» Aristotelian background sources:

Clock-form: n,, Frame-vector: v¥ n = vih, =0
Spatial (co-)metric: h,,, h* vin, =1, h,h" +ny’ =6
h,=h, h"*=h"
Gauge field: A, He R
Non-covariant notation: n,, n;, h;, Vi, A, A,
Flat 1imit: nt — 1, hl] — 517’ I’ll — Vl — O, At — O, Al — O
» Connection: PR 1 i
L, = v0,n, + (0,41 + 01y = O )
_ vp U
v,n,=0, V h"=0, vyv#0, V,h,#0

[1] de Boer, Hartong, Have, Obers, Sybesma [1710.04708, 2004.107591; [2] Novak, Sonner, Withers [1911.02578]; [3] Armas, AJ [2010.15782] 15



ARISTOTELIAN SPACETIMES
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» We demand invariance under background diffeomorphisms and gauge transformations

n,—n,+Ln, h, — h,+Lh, A, —A+LA +09A
Ve — v+ LV, " — h* + L h*

L)(: Lie derivative along y*

» Leads to Ward identities

b= b= v
vt =0, 7n*=h"z,

=1t ", =0

1
oln Z = Jdt d3x\/;_/ [J”éAﬂ — eton, — m,ov" + ET'W oh,,

Vet = —vif —h, Vﬂv’l 06’ + 8i€i — 0 y = det(h,, +n,n,
/ yl tlat l ij V. =V — Lvlfl
’TH t ; . generalised

VMJ =0 at‘] T aiJ =0 Lorentz force

[1] de Boer, Hartong, Have, Obers, Sybesma [1710.04708, 2004.107591; [2] Novak, Sonner, Withers [1911.02578]; [3] Armas, AJ [2010.15782] 16
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ASIDE: BOOST SYMMETRIES
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» For Galilean-invariant systems, we can demand invariance under infinitesimal Milne boosts

— — — — _
n, — n, h, —h,—na —na, A, —~>A +ma, w =0

v+ at, Y — A W= h"y,

This implies z, = m h,,J*, or in the flat limit r=mlJ

» For relativistic systems, we can demand invariance under infinitesimal Lorentz boosts

1
— — — —
n, —n, > a,, h, —h,—na —na, A, — A,
v — v+ at, h*' — h*"" + — (v’"a” + a/"v”)

C2

This implies z, = h,, €"/ c¢?, or in the flat limit 7' = €'/c?.
. e . _ 2
We can define the relativistic metric: g, = —c“nn, + h,.

e o

17



CONSERVED DIPOLES IN ARISTOTELIAN SPACETIMES
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> Introduce dipole source g, and dipole shift parameter y,

a,, =a,,, va, =0
A, —A+LA +IN+y, .
Wy, v = 0
P1,0
a,, = a,,+ L%a//w + hﬂhy ( Vpl/fa + V(,l//p> W= W,
» The Ward identities are now
|
_ 3
oln £ = Jdtd x\/}_/ ot 5]””561#”]
V,=V,—-Lpn,
P ol — _ yHE [ Y MY A
Vet = -V, (T + 7 )hMVMv "
V' (it o4 o) = o Ay J.: generalise
u\vVi:zo. + 1 O w7y 2V Lorentz force
V/;J” =0 7/": asymmetric

\V, /; JHY — h;; JH dipole stress

18



CONSERVED DIPOLES ON ARISTOTELIAN SPACETIMES
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» All the conserved densities and fluxes are invariant under U(1) monopole transtormations and
transform appropriately under diffeomorphisms.

» Under dipole shifts, their transformation properties are given as

l

1
e — et + (210 ? — JPoy) ELvh/w e - €, el — €

flat . .
7 — 7 — ()t + JFT g n' = n—Jwy

i L9 J(i'//j) 4 ak(l/,k Jlli)

l

T — THY — 2]’%;”1//”) + V/’I(l//’lﬂ"”)

» Note that momentum density 7' and stress-tensor 77 are non-invariant under dipole shift
symmetry, even on flat spacetime.

19
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SCALAR CHARGE THEORY ON CURVED SPACE
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» We can write the covariant version of the scalar charge theory
S = Jdt d3x\/;_/ (iCD*v”D”CD + Ah*h" D, (®F, ®F)D, (P, D) — V(CD*CD)) + Sgauge

D,® = 9,® — igA,®

l
qa b?

1
D,,,(®, ®) = = hhg (®D,D,® + ®D,D,® ~2D,dD,® ) - —La,,

2 Hr

» We can vary with respect to background sources to read out the conserved currents.

20



SYMMETRIC TENSOR GAUGE THEORY ON CURVED SPACE?
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» The covariantised definition of the dipole connection is

| ]
A p o/ p o/ o/ k ik k ik
Ay =ny Fpo_h + > (hMFpah + aﬂo_h ) Af = F,;o", Af = 5 <Fl-j + aij> &/
Al’} — A/’} + Vﬂl//’1 + ny” V ! Af— A+ oy"

We note that the dipole connection does not transform “nicely” anymore.

» Consequently, covariant dipole field strength is not invariant under dipole transformations

Y/ A A n A A
Fi, = V,Al =V, AL+ Fi AL+ 2, APV v

ko k k
r,,=0,A —0,A,

A A A A A
F/w — FW -+ (R WU+F/’]DVPV —2n[MVU]va )l//p F//’jy—>F/’jy

1 U A o1 y
Sgauge — J'dt d3x\/}_/ h/ll' hl/G F;}y F;O' GOV'MV'O — Iu_oh:up not allowed U drd’x (ZEZ:].EJ ZIMO BijB J)

[1] Gromov [1712.06600]; Slagle, Prem, Pretko [1807.00827]; AJ, Jensen [2111.03973] 21




SYMMETRIC TENSOR GAUGE THEORY ON CURVED SPACE?
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» We can write down dipole-invariant terms coupled to the charged scalar

|
Soauge = Jdt d3x\/;_/ h, h*° & fw F oo | €V ——h*
Ho

y A l o A n A A
F = OO, — (®*D,® - OD,0% ) (R, + i, Vo' = 2, ¥,V 0" )

» In the Higgs phase for the charged scalar, this gives rise to the flat space limit

€y = | DPy| €
fe 1N 0= 1Dy ¢
Sgauge = |dtd°x | —E;EY ——B;BY | + nteractions |
0

22



OUTLOOK
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» Continuum description of fractonic lattice models feature
exotic dipole and multipole symmetries.

» We have learnt how to couple field theories with conserved
dipole (and multipole) moment to curved spacetime.

» Fracton field theories have no boost invariance, therefore
they can only be coupled to Aristotelian spacetimes.

» Free symmetric tensor gauge theory cannot be coupled to a
generic curved spacetime.

23




OUTLOOK
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» Is there a mixed dipole-gravitational anomaly in free
symmetric tensor gauge theory? [1]

» Curved spacetime Ward identities and transformation
properties of conserved Noether currents will prove pivotal
for constructing dissipative hydrodynamic description for
fractonic systems. [2]

» Construct field theories for quasiparticle excitations with
“internal dipole moment”.

[1] Burnell, Devakul, Gorantla, Lam, Shao [2110.09529]; Yamaguchi [2110.12861]
[2] Gromov, Lucas, Nandkishore [2003.09429]; etc. 24
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FRACTON FLUIDS

» The thermal state can be described by the Grand-Canonical Partition Function
exp(—pW) = trexp(—p#) H = Jd3x (et —u'm; — //tft)
» Dipole-transformation properties of z; imply that u is not dipole invariant

g =Ty = oy u+uly,

> Given the grand-canonical free-energy density F = — p(T,, u, u’?), it immediately follows that
. 0 . 0
W0, =L =0 or u=0 J="240
o O

A local fluid particle can move if and only if the local charge density is zero.

25



FRACTON FLUIDS
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» Constitutive relations for a boost-agnostic ideal fluid are given as [1]
e'=(e"+p)u’
T=pu
= pu'w + p &Y
Ji — Jtui
» For J' = d]J Y we must have that either of J%, u' is zero.

If J' =0, u' # 0, the fluid is just neutral.
IfJ'# 0, u' = 0, all fluxes are zero.

[1] de Boer, Hartong, Have, Obers, Sybesma [1710.04708, 2004.107591; [2] Novak, Sonner, Withers [1911.02578]; [3] Armas, AJ [2010.15782] 26




FRACTON FLUIDS

» These properties of fracton fluids are intimately tied with the free tensor gauge theory not
being able to couple to curved spacetime.

» We expect that the equilibrium configurations of a fluid should be obtained from an local
equilibrium partition function [1]

Win, n;, hy;, v, AL A, a;;]l = Jd3x \/}_/ F (ng, n;, hy;, VL AL A; d;j

However, symmetries forbid us to write any such partition function, at least at the leading
order in derivatives.

» It might be possible to write a non-local partition function in the presence of some additional
low-energy degrees of freedom, such as Goldstones,

. 1 .
W[I’lt, ni’ hlj’ Vl, AI’ Al’ al]] —_ — T IHIQCO eXp (? Jd3x ‘\/}_/ g(wa nt? ni? hlj’ Vl, At’ Az’ aij )

[1] Banerjee, JBhattacharya, Bhattacharyya, Jain, Minwalla, Sharma [1203.3544]; Jensen, Kaminski, Kovtun, Meyer, Ritz, Yarom [1203.3556] 27
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