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Based on

• Past work with Abhishek Chowdhury, Sameer Murthy, Valentin Reys & 
Timm Wrase 
“Dyonic black hole degeneracies in N = 4 string theory from Dabholkar-
Harvey degeneracies” 

• Works in progress with:  
 Suresh Nampuri, Gabriel Cardoso Lopes, Martí Rossello & Valentin Reys



Part 1: Motivation of the problem for non-experts/non-string theorists 
 
Black hole partition functions, & how to construct them 
 
Part 2:  Some background on automorphic forms

Part 3: Constructing 4d black hole partition functions in supergravity/string theory with 16 
supercharges and study their automorphic symmetries.  
 
Complex analytic structure of the partition function leads to non-trivial phenomena which 
leads to partition functions with “richer” automorphic symmetry (mock-modularity).  
 
Part 4: How do we reconcile this mock modular symmetry with gravity?

For the mathematically oriented:  
Re-casting AdS/CFT as a dictionary between geometry and number theory.

For the physically oriented:  
In the context of this talk, we will motivate how and possible ways of seeing how supergravity 
might see this symmetry. 



Part 1: Motivation



Classically, black holes have no entropy. 
Semi-classically, black holes have entropy.  [Bekenstein; Hawking]  
What is the quantum origin of this entropy?

Semiclassical black hole entropy:  

Known as the “area law” for black holes. It is universal.

SBekenstein-Hawking =
A

4GN

Q: Is there a partition function (PF)/microstate counting function  such that 

 ?

Z

ln Z = SBekenstein-Hawking =
A

4GN

Image taken from Sean Carroll’s blog.



This paradigm is not entirely sufficient.

The Bekenstein-Hawking entropy is a semi-classical entropy: No quantum corrections 
Works when the radius of the black hole .  
(In string theory it works in the limit of large charges, no  corrections,.. )

≫ 1
O(R2)

Quantum entropy of a black hole:  SBH =
A

4G
+ c0 ln A + c1

1
A

+ c2
1
A

2
+ ⋯ + cne−A

Sub-leading/quantum corrections
Model dependent

More pertinent Qs:  
 
a) Is there a function  such that  ? What is the quantum PF of a black 
hole? 
 
b) What is the corresponding “geometry” of a given state counted by the PF?

ZBH SBH = lnZBH



Computing the quantum entropy requires ability to see all the saddle points of the Euclidean path 
integral. Such saddles are difficult to evaluate semi-classically.  
 
However, in string theory, one can evaluate all these saddle contributions exactly.

Before we proceed, it usually helps to understand how black holes arise in string theory.

Key ingredients are 
a. Strings
b. Extended “solitonic” objects called (D)(NS)Branes

At low string coupling ( ), the D-branes have no back reaction with 
gravity.  Increase , the D-branes back react and strongly couple to 
gravity/background spacetime. Spacetime eventually becomes singular. 

gs
gs

Break down of the problem based on dualities.  At different values of  the brane dynamics is 
can be obtained from different “theories”.

gs



gs

gs ≈ 0 gs ≫ 1

World volume theory of the D branes
Superconformal field theory

Supergravity

In string theory, the number of string states grows as  (  is mass), while the number of black 
hole states in supergravity grows as . Expect some sort of renormalization to account for the 
scaling of number of states. [Susskind ’93, Susskind-Uglum ’94, Russo-Susskind ‘95] 
 
The existence/proof of concept of such a black hole mass renormalization is still unknown. 
 
Could restrict to special Hilbert subspaces in string theory with extended supersymmetry (BPS 
states). Protected by non-renormalization theorems, degeneracy/spectrum is independent of .

eM M
eM2

gs



gs

gs ≈ 0 gs ≫ 1

World volume theory of the D branes
Superconformal field theory

Supergravity

 = ln Zd−1
SCFT ln Zd

grav

=
A

4G
+ c0 ln A + c1

1
A

+ c2
1
A

2
+ ⋯ + cne−A

Derived for such BPS solutions as the leading order growth of density of states in the SCFT aka 
“Cardy Formula” [Strominger-Vafa ’95] 
 
How does one obtain all quantum corrections to the entropy in the partition function? How does one 
ensure that it matches with supergravitational quantum BH entropy? Does the BH quantum PF yield 
integer degeneracies?

Holography!
  AdS/CFT



We will mostly consider the case of maximal and half-maximal supersymmetry in 4d.  
 
For : D1-D5-p-KK on  
 
- a D1 brane on  
- a D5 brane on  
- n units of momentum along  
-  units of momentum along  
- KK monopole along  
 
The charge invariant 

For : D1-D5-p-KK on  
 
-  D1 brane on  
-  D5 brane on  
- n units of momentum along  
-  units of momentum along  
- KK monopole along  
 
The charge invariant , where 

𝒩 = 8 T6 = T4 × S1 × S̃1

S1

S̃1 × T4

S1

ℓ S̃1

S̃1

Δ𝒩=8 = 4n − ℓ2

𝒩 = 4 K3 × T2 = K3 × S1 × S̃1

Q1 S1

Q5 S̃1 × K3
S1

ℓ S̃1

S̃1

Δ𝒩=4 = 4mn − ℓ2 m = Q1Q5



To study 4d BPS black holes, you need to compactly pack away (compactify) the extra 
dimensions by wrapping the D branes on “cycles” of Calabi-Yau manifolds (complex, Ricci flat 
manifolds) as seen on the previous slide.  
 
In this compactified picture, the “gravitational” part of the black hole spacetime is , and the 
world sheet part is a two dimensional superconformal field theory. 
 
Computing the quantum PF of such 4d BPS black holes is therefore the same as computing the 
BPS PF of the 2d CFT. 

AdS3

Σg

PFs have to behave a certain way under the deformation of such genus  Riemann surfaces g



Part 2: Automorphic forms



An automorphic form is a complex function , for  a topological group, such that three 
properties are satisfied: 

1. If  is a discrete subgroup of ,   has nice transformation properties:  
                          ,  is a “factor of automorphy”

2.  is an eigenfunction of certain Laplacians on G

3.  satisfies some growth condition as  approaches the boundary of the domain of G. 
 
   

f : G ⟶ ℂ G

Γ G f
f(γ ⋅ g) = j(γ)f(g) g ∈ G, γ ∈ Γ, j

f

f g



If , the 
automorphic forms are called 
“modular forms”.

G = SL(2,ℝ), Γ = SL(2,ℤ)
Σg=1

Let . 
 
A holomorphic modular form  of weight  is a holomorphic function , such that 
 

a.  

b.  is bounded as 

ℍ = {τ ∈ ℂ |ℑτ > 0} ≃ SL(2,ℝ)/SO(2,ℝ)

f k ∈ 2ℤ+ f : ℍ → ℂ

f(τ) ↦ f ( aτ + b
cτ + d ) = (cτ + d)k f(τ), ∀ (a b

c d) ∈ SL(2,ℤ)

f τ → i∞

Since :   (Fourier expansion)(1 1
0 1) ∈ SL(2,ℤ), f(τ) ≃ f(τ + 1) f(τ) =

∞

∑
n=0

c(n)qn, q := e2πiτ

I won’t go into the Laplacian/Quadratic Casimir here. It does become important when one considers 
spectral theory of  automorphic forms. 



Holomorphic modular on  form generated by  (Weight 4 and 6 
Eisenstein series on , respectively) 
 

, where 

SL(2,ℤ) E4(τ) and E6(τ)
SL(2,ℤ)

{fk} =: Mk, fk = ∑
i, j

4i + 6j = k

αE4(τ)iE6(τ) j, M =
∞

⨁
k=4

Mk α ∈ ℝ

Example:  is a weight 12 modular form 

 

 : PF of 24 free bosons on a torus (weakly holomorphic) 

 
Also the indexed PF of perturbative 1/2-BPS states in the Heterotic frame ( )

η(τ)24 = q
∞

∏
n=1

(1 − qn)24 =
E4(τ)3 − E6(τ)2

1728

1
η(τ)24

=
1
q

+ 24 + 324q + O(q2)

4d, 𝒩 = 4

                                                        E4(τ) = 1 + 240
∞

∑
n=1

qnσ3(n) E6(τ) = 1 − 504
∞

∑
n=1

qnσ5(n)

Eisenstein Series

 : Divisor Sigma Functionσd(n) = ∑
x|n

xd (Ex: )σ3(6) = ∑
x|6

x3 = 13 + 23 + 33 + 63 = 251



If 
automorphic forms are “Siegel 
modular forms”

G = Sp(2,ℝ), Γ = Sp(2,ℤ),

Σg=2

Sp(2,ℤ) := {M = (A B
C D) ∈ Mat4×4(ℤ) MTJM = J, for J = (0 −I2

I2 0 )}
Let . 

 
A Siegel modular form  of weight  is a function , such that 

ℍ2 = {Ω = (τ σ
σ ρ) ∈ ℂ |ℑτ, ℑσ > 0, det(Ω) > 0}

f k f : ℍ2 → ℂ

f(Ω) ↦ f(AΩ + B)(CΩ + D)−1 = det(CΩ + D)k f(Ω), ∀ (A B
C D) ∈ Sp(2,ℤ)

Siegel Modular Forms also admit Fourier expansions, as well as Fourier-Jacobi expansions

, where fk(Ω) = ∑
n,m,ℓ

d(m, n, ℓ) qmpmyl q := e2πiτ, p := e2πiσ, y := e2πiz

fk(Ω) = ∑
m

ψm(q, ℓ)qnyl
Jacobi form of weight k and index m



It is also key to motivate a “Jacobi form” which in some sense are “elliptic” versions of modular forms. 
Physically, they are “refinements” of a modular form by the supersymmetric R-charge.

Indexed PFs refined under R-charge:  is the “elliptic” variableZ = Trℋ ((−1)FqL0− c
24 y2J0), y = e2πiz

Jacobi forms are automorphic forms on * (*A particular parametrization choice 
due to [Eichler-Zagier]. I will tell you what this is later since it does play a key role.)

A Jacobi form of weight k and index m is a function  such that, for , 
 

a. ,  

 
b. , 

SL(2,ℤ) ⋊ H(ℤ2)

f : ℍ × ℂ ⟶ ℂ τ ∈ ℍ, z ∈ ℂ

f(τ, z) → f ( aτ + b
cτ + d

,
z

cτ + d ) = (cτ + d)ke
2πimcz2
cτ + d f(τ, z) ∀(a b

c d) ∈ SL(2,ℤ)

f(τ, z) → f(τ, z + λτ + μ) = e−2πim(λ2τ+2λz)f(τ, z) ∀ λ, μ ∈ ℤ

Jacobi forms are periodic in both their arguments and admit a Fourier expansion

f(τ, z) = ∑
n,ℓ

c(n, ℓ)qnyℓ

We will be interested in objects known as weak Jacobi forms.



• Weak Jacobi forms exhibit exponential growth of degeneracy (just like weakly 
holomorphic modular forms) 
 
They are generated by the ring:  
 

 

[Eichler, Zagier, Feingold, Frenkel] 
 

• Examples include the elliptic genus of K3 which is 

⟨ϕ−2,1(τ, z) =
ϑ1(τ, z)2

η(τ)6
, ϕ0,1(τ, z) = 4

4

∑
i=2

ϑi(τ, z)2

ϑi(τ,0)2
, E4(τ), E6(τ)⟩

2ϕ0,1(τ, z)



Certain types of these automorphic forms (modular, Siegel, Jacobi) correspond to 
examples of physical PF’s.

Modular forms: Black holes with electric or magnetic charges (zero area)

Jacobi forms: Black holes with electric or magnetic charges + angular momentum

Siegel modular forms: Black holes with electric and magnetic charges + angular momentum

Fourier expansion coefficients: Degeneracies of black holes



Part 3: Constructing partitions 



Warm up example: Black holes in  4d compactification of string theory

Type II String Theory on : Theory with BPS dyonic black holes 

 

The indexed partition(*) of these black holes are the Jacobi form 

𝒩 = 8

T6 1
8

−

ϕ−2,1(τ, z) =
ϑ2

1(τ, z)
η(τ)6

[Maldacena-Moore-Strominger]

The Fourier expansion:   

 
give you the BH degeneracies 

ϕ−2,1(τ, z) = ∑
(n,ℓ)

c(n, ℓ)qnyℓ = ∑
(n,ℓ)

C(Δ = 4n − ℓ2)qnyℓ

dBH(n, ℓ) = (−1)ℓc(n, ℓ) = (−1)Δ+1C(Δ)



Instead of computing the Fourier expansion term by term, there is an analytic way to 
derive all  given  (*and information about modular properties and 
cusps) [Rademacher-Zuckermann] [G. Andrews]

Known as the Hardy-Ramanujan-Rademacher circle method

C(Δ > 0) C(Δ < 0)



On the supergravity side: Difficult because the path integral is complicated (infinite dim integral)

ZBH(q) = ⟨exp (−iq∮ AI)⟩
reg.

AdS2 [Sen]

The leading term of this expression is the area law. But to evaluate the full PI with saddle 
contributions is hard. Localize this path integral (in the sense of Duistermaat-Heckman, Atiyah-Bott)



Now, we can in principle compute .ZBH



The path integral can be re-written in the form





 Localization𝒩 = 8



Localization



Rademacher expansion of a Jacobi form v/s Supersymmetric Localization

[Dabholkar - Murthy- Gomes]



A dictionary



 black holes𝒩 = 4, d = 4



Zero area black holes



Large black holes



Large black holes & Siegel Modular Forms

[Dijkgraaf-Verlinde-Verlinde]



Wall Crossing of Dyonic Black Holes





DMZ theory
[Dabholkar-Murthy-Zagier]



“Polar” mock Jacobi forms

ψp(τ, z) =
p24(m + 1)

η(τ)24 ∑
a∈ℤ

qma2+ay2ma+1

(1 − qay)2

 is the m-th coefficient of p24(m + 1) η(τ)−24

“Appell-Lerch sum”; 
Derived from the averaging function of all double poles of  Φ−10(τ, σ, z)



The holomorphic part of the Jacobi forms still admit a Fourier expansion



The essence of holography for negative discriminant states boils down to equivalence of 
contours: Region in  where one can compute the degeneracies of negative discriminant states.  

This region corresponds to a contour in supergravity over which the path integral is finally 
localized i.e. expressed as a convergent series of I-Bessel functions.

ℍ



The region bounded by the semicircle (“Farey circle at level 1”) of radius 1/2 with end 
points (0,1), the rays  and  corresponds to the region where one can 
compute single center/Large black hole degeneracies.  
 
So we wish to compute the degeneracies of negative discriminant states here.

(0,i∞) (1,i∞)

0

i∞ i∞

1

⋯⋯ ℛ

The degeneracies of these  states are in fact governed by 
finite sums of coefficients of .  
 
There is a very nice “particle physics decay channel approach 
that one can take here to show that set. 

Δ < 0
η(τ)−24η(τ)−24

[AK, Chowdhury, Murthy, Reys, Wrase]

There is also a more “topological way” of writing these 
degeneracies in terms of “continued fractions”.

[Cardoso, Nampuri, Rossello]



Once you know what all the negative discriminant degeneracies are, feed into Rademacher* 
 
*for a mixed mock modular Jacobi form on SL(2,ℤ)

[Ferrari-Reys]



It is therefore possible to construct the entire Siegel modular form  from just 
Dedekind eta’s.

Φ−1
10 (Ω)



Can the microscopic formulation help understand 
localization better? 

 
Where/Why/How does the mock-modular nature 

of black hole entropy arise in supergravity?



Localizing 1/4- BPS states in 4d 𝒩 = 4



Correcting F



Correct the measure



Accounting for all contributions 
from negative discriminant states



Mock modularity from 
supergravity



Conclusions and Future 
Directions

• Hidden number theory in supergravity/localization?

• Microscopics as a guide for gravity

• Mock modularity should be apparent in supergravity. But how/why is still WIP.


