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Euler characteristics of Mg,
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Indeed, My ,+1 is fibered over M , with the fiber
CP! — n pts, =

X(Moin) = (2= n) x(Mo,n) = (=1)"(n - 2)!

since My 3 = pt.
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Euler charactersitics of Mg 14,
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XP(Mo.1:n/Sn)

EP(t) ==t + ) X*P(Monsn/Sn)t" = F(t)
n>2
M) = [ ol TH) = o) € @
Lemma (Burnside-Cauchy-Kawasaki-Lefschetz):
X (orbifold) = fake(inertia orbifold)
Example: x(M/G) = |G| dec X(ME)
The inertia orbifold (of a global quotient):

I(M/G) == |_| Mé

geG
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X(Mo,l+n/5n), a false try
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X(Mo,l+n/5n), a better way

¢(m)
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m>1
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Adams operations: W™(t) = t™, WAy = Yk
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Gromov-Witten theory

X — compact (almost) Kahler manifold

M := M, ,(X, d) — moduli space of holomorphic
maps ¢ : (X,01,...,0,) = X,

> — genus-g compact complex curves,

n — number of marked points o;,

d = ¢.[X] € Ha(X;Z) — degree of ¢,

M...(---) — compactification by stable maps of
nodal curves (in the spirit of Deligne - Mumford).

GWe=-invariants of X := intresection numbers on M.
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Cohomological GW-invariants:

(Zy,... Z)gnd = / ] evi(2)

M
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Cohomological GW-invariants:

(Zy,... Z)gnd = / ] evi(2)

M

Gravitational descendants:

(Zib, . Za Y g = /M Tlevi@yve: v
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Cohomological GW-invariants:

(Zy,... Z)gnd = / ] evi(2)

M

Gravitational descendants:

(Zebh, . Zab ) g = / T[evi ()t - v

[M]vir
“Quantum cobordisms” (Tom Coates, 2003)

/ H evi(Z)p e s (D)
[M]vir

i
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Complex bordisms

‘LF

M
f:Z— M, dmZ=n

fr fiff3F  Flz=F, Flz=F

Z,7' W — stably almost complex

Un(M) =
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Complex cobordisms

Poincaré isomorphism: M™ — compact stably
almost complex mfd

= U™ "(M) = Uy(M)
Examples:
U*(pt) ® Q = Q[CP*,CP?,. . .],deg(CP¥) = —2k.

U™ (CP) = U'(pt)[u], deg(u) =2

u € U>(CPN) — Poincaré-dual to the bordism class
of hyperplane CPV=t c CPN.
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Mischenko's logarithm

Chern—Dold character:
ChD : U*(M) = 25° H*(M; U*(pt) ® Q)

Example: U*(CP>*)® Q = Q[z][CP!,CP?,...]
z € H?>(CPN) — Poincaré-dual to the homology
class of hyperplane CPN-1 c CPV.

CP! CP?

_ i R A BT
Z=u-+ 2u+ 3u+
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Hirzebruch-Riemann-Roch for 7 : M — pt

ChD(mA):/ ChD(A)Td(Tym)

Td(_) - eZk>0 SkChk(_)a Q[sb 52, .- ] - U*(pt) ® @

Td (O(1)cp=) = ui — Xk SkZ /Kl
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Specializations U*(—) — H*(—)

U* is universal among abstract cohomology theories
‘H* where complex vector bundles are oriented

Cohomology theory: 7//(C) := [,, C
H(CPs ) =0fork>1=z=u

Complex K-theory:
(V) == Y (=1)kdim H¥(M; V)
TK(Ocpir) = 1 € K(pt)

= z=3 U /k=—In(l—u)
= u=1—¢e7, Td—1 -
éch(ﬂK(V)—chh ) td(Tw)
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Specializations (contd.)

Hirzebruch x,-theory:

T (M) = xy (M) := 3 yP(=1)7hP9(M)

y = —1: Euler characteritic of a stably almost
complex manifold is bordism-invariant because the
Euler class = top Chern class is stable.
Chern-Euler theory: 7.(f : Z — M) := x(Z)

T (CPk ) =k=2z=5, ju"=u/(1—u)
=u=2z/(142),Td=1+z=

Td(—) =1+ C1(—) + CQ(—) —+ o= C(—)

,H*(_) — Heven(_) D Hodd(_)
Intersection numbers (f, ') = x(f(Z) th f'(Z'))
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Chern-Euler GW-invariants

Fake version:

X (IM] i, evi(Z)) /M]V”Hev Ch(Z)) c(TYN

by Alexander Givental (UC Berkeley) joint project with Irit Hug  Chern-Euler intersection theory and Gromov-Witten invariants



Chern-Euler GW-invariants

Fake version:

X7 ([M] M, evi(Z)) / Hev Ch(Z)) c(TYN
[M]vir =

True version:

X(IM] iy evi(Z)) = [ evi Ch(Z) c(Tir)
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Chern-Euler GW-invariants

Fake version:

X (IM] i, evi(Z)) /M] Hev Ch(Z)) c(TYN
True version:

X(IM] iy evi(Z)) = [Tevi cr(Z)) e(Tim)
Permutation-equivariant version:

m/siei@) = [ - Jlevi @) e(Tin)
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2D Yang-Mills and Hurwitz spaces

In SU(N)-2DYM theory, coefficients of the
1/N-expansion of partition function are orbifold
Euler characteristics of Hurwitz spaces

(Cordes, Moore, Ramgoolam, 1994)
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2D Yang-Mills and Hurwitz spaces

In SU(N)-2DYM theory, coefficients of the
1/N-expansion of partition function are orbifold
Euler characteristics of Hurwitz spaces

(Cordes, Moore, Ramgoolam, 1994)

Ekedahl-Lando-Shapiro-Vainshtein’s formula:

hg. k) = m! ﬁ c(Hodge™)
& aue ) M K S, T ki)

k = (ki,..., ky) — ramification over co € CP?,
m=2g — 2+ n+ > k; — simple ramifications
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Motivation (contd.)

Adelic product formula:

perm _ >, 10 fake
(tl,tz,...) e (L#EnTL Ve, t”’ ®Dx/z ‘t(r t,
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Motivation (contd.)

Adelic product formula:

perm _ >, 100, O, fake
(t]_,tQ,) e CF#NT t(:r t, ®Dx/z ‘tCr—tr

Open invariants: y([M] M, evi(Z))),
M = uncompactified M, ,(X, d).

o0
DYt b, .) = QDR e,
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Motivation (contd.)

Adelic product formula:

perm _ >, 100, O, fake
(t]_,tQ,) e CF#NT t(:r t, ®Dx/z ‘tCr—tr

Open invariants: y([M] M, evi(Z))),
M = uncompactified M, ,(X, d).

o0
DYt b, .) = QDR e,

_ 1 2 X
Dx(ti,t2,...) = et 2r(2c) ®D§?5%m‘t<,r:tr
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Motivation (contd.)

“No-descendants” theory is self-contained
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Motivation (contd.)

“No-descendants” theory is self-contained

Fixed point localization:

*w
//\/l “o /i:/\/lTCM Eulery(N)
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Motivation (contd.)

“No-descendants” theory is self-contained

Fixed point localization:

*w
//\/l “o /i:/\/lTCM Eulery(N)

In Chern-Euler theory: (M) = x(MT).

by Alexander Givental (UC Berkeley) joint project with Irit Hug  Chern-Euler intersection theory and Gromov-Witten invariants



Motivation (contd.)

“No-descendants” theory is self-contained

Fixed point localization:

*w
//\/l “o [MTCM Eulery(N)

In Chern-Euler theory: (M) = x(MT).

F(Q) =) Qx(Moa(CP",d)) =: (n+1)H(Q)

d>0

Hepr = Q +3Q% + 9Q% 4+ 30Q* + 102Q° + 371Q° + - --
Hep: = 2Q + 9Q° + 44Q° 4 240Q" + 1388Q° + - - -
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Recursion

Q
1-@Q

H= —H+n o(m)

(1+H)+(1+H) i

m=1

S WM In(14H)
m

nQ/(1-Q)
H = << < |+H

+

-
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A surprizing by-product:

n(1+ art™ + apt®™ + ast® + .- -)

8

m=1
has integer coefficiend if a1, a», a3, ... € Z.

Equivalently: If symmetric polynomials of «; are
integers, then >_,, ¢(d) Z,af/d is divisible by n.

Equivalently: If symmetric polynomians of «; are
integers, then for each prime p and kK > 1

k k—1
Pt _— p k
g af = E o mod p
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