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High energy hadron collisions



Strong Interactions
governed by QCD.

Observed states are
colour singlets.

Quarks and gluons 
bound into hadrons.
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High energy hadron collisions

The core of the event is described by a hard scattering part: perturbative.

Strong Interactions
governed by QCD.

Observed states are
colour singlets.

Quarks and gluons 
bound into hadrons.

Non-perturbative
effects.
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Hadronisation

Parton Shower

Higher orders - more accuracy (up to limits of non-perturbative physics).



QFT: compute amplitudes as sum of Feynman diagrams (loop integrals).

Add up the answer.
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QFT: compute amplitudes as sum of Feynman diagrams (loop integrals).

Add up the answer.

hiji4

h12i . . . hn1i
OR:
[Parke, Taylor (86)]

Refinement: Use recursion relations, unitarity cuts to construct Integrand.  

X
= c⇤ c4+ + c[ ]

Then integrate.

Amplitudes

[Berends, Giele], [Britto, Cachazo, Feng, Witten],… [Bern, Dixon, Dunbar, Kosower], [Ossola, Papadopoulos, Pittau]…



Amplitudes
Many techniques have been developed:

Tensor and i.b.p. reduction to basis of master integrals

Differential equations for master integrals
<latexit sha1_base64="rYCirkKl9JrJcc/+5Kq3teG3YX0=">AAACFnicdVDLSgMxFM34rPU16tJNsAgVtMzY0upCqArisoJ9QDuUTCbThmYyQ5IRytCvcOOvuHGhiFtx59+YtiNY0QMXTs65l9x73IhRqSzr05ibX1hcWs6sZFfX1jc2za3thgxjgUkdhywULRdJwigndUUVI61IEBS4jDTdweXYb94RIWnIb9UwIk6Aepz6FCOlpa555MGrfIdEkrKQH8oDeAbPZ94zbtfMWQXLPrXsItRkAk2KlXKpbEE7VXIgRa1rfnS8EMcB4QozJGXbtiLlJEgoihkZZTuxJBHCA9QjbU05Coh0kslZI7ivFQ/6odDFFZyoPycSFEg5DFzdGSDVl7+9sfiX146Vf+IklEexIhxPP/JjBlUIxxlBjwqCFRtqgrCgeleI+0ggrHSSWR3C96Xwf9I4LtjlQummlKtepHFkwC7YA3lggwqogmtQA3WAwT14BM/gxXgwnoxX423aOmekMztgBsb7F+JknV4=</latexit>

dF (✏, s) = A(✏, s)F (✏, s)

[Kotikov], [Remiddi], [Gehrmann, Remiddi],…
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Many techniques have been developed:
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Iterated integrals
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Amplitudes
Many techniques have been developed:

Tensor and i.b.p. reduction to basis of master integrals

Differential equations for master integrals
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Iterated integrals

More generally - elliptic polylogarithms and beyond…
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[Walden, Weinzierl], [Brödel, Duhr, Dulat, Tancredi], [Duhr, Tancredi],…



Amplitudes

Current frontier for QCD: 

NNLO (2 loops) for 5-point (6-point) processes. 

NLO for higher multiplicity. 

Some processes - e.g. Drell-Yan cross-sections at NNNLO…

[Abreu et. Al.],…

[Anastaiou, Duhr, Dulat, Herzog, Mistelberger], [Chen, Gehrmann, Glover, Huss, Mistelberger, Pelloni], [Baglio, Duhr, Mistelberger, Szafron],…



Application - Gravitational Inspiral

Corrections to Newton potential (Fig: Snowmass report: 2204.05194)

[Bern, Cheung, Roiban, Shen, Solon, Zeng], … 

Amplitudes can be used to 
extract corrections to potential



Important Simplifications
Large N limit (’t Hooft planar limit)

✓ ✗

This reduces and simplifies the kind of Feynman integrals which appear. 



Important Simplifications
Large N limit (’t Hooft planar limit)

✓ ✗

This reduces and simplifies the kind of Feynman integrals which appear. 

Simplify the theory: QCD            N=4 Super Yang-Mills theory 

Often simplifies the analytic complexity of the final result.

Removes the complication of UV divergences.

Opens up connections to CFT techniques and relation to AdS/CFT

Both: Integrability and new symmetries - e.g. dual conformal symmetry



QFT: compute amplitudes as sum of Feynman diagrams (loop integrals).

Add up the answer.

hiji4

h12i . . . hn1i
OR:
[Parke, Taylor (86)]

Refinement: Use recursion relations, unitarity cuts to construct Integrand.  

X
= c⇤ c4+ + c[ ]

Then integrate.

Amplitudes

OR: Understand geometry of amplitudes!

[Berends, Giele], [Britto, Cachazo, Feng, Witten],… [Bern, Dixon, Dunbar, Kosower], [Ossola, Papadopoulos, Pittau]…
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i

pi = 0
<latexit sha1_base64="o4BTv5zF9jKPIDatamsynkctlo8=">AAAB9XicdVDLSgNBEOyNrxhfUY9eBoPgKezmZS5C0IvHCOYByRpmJ7PJkNnZZWZWCUv+w4sHRbz6L978GyfJCipa0FBUddPd5UWcKW3bH1ZmZXVtfSO7mdva3tndy+8ftFUYS0JbJOSh7HpYUc4EbWmmOe1GkuLA47TjTS7nfueOSsVCcaOnEXUDPBLMZwRrI932VRwMGIpMnSN7kC/YRXsBZEjZrteqhtSqTqVUQk5qFSBFc5B/7w9DEgdUaMKxUj3HjrSbYKkZ4XSW68eKRphM8Ij2DBU4oMpNFlfP0IlRhsgPpSmh0UL9PpHgQKlp4JnOAOux+u3Nxb+8Xqz9upswEcWaCrJc5Mcc6RDNI0BDJinRfGoIJpKZWxEZY4mJNkHlTAhfn6L/SbtUdMrF0nWl0LhI48jCERzDKThwBg24gia0gICEB3iCZ+veerRerNdla8ZKZw7hB6y3Tz9UkbI=</latexit>

p↵↵̇i = �↵
i �̃

↵̇
i

<latexit sha1_base64="rc6d79vfL1arIL0WsucVsUvPtk0="></latexit>

µ↵̇
i = x↵↵̇

i �i↵
<latexit sha1_base64="RpkV05s9pAy2nz3/3q2XQCGQpoY="></latexit>

ZA
i = (�↵

i , µ
↵̇
i )

<latexit sha1_base64="e2E9JVqlyHtbA0Xu6eXcqCWXKOI="></latexit>

[Hodges]

p2i = 0
<latexit sha1_base64="lxkIVI6mHJAU1PfYBuXsWcAidCQ=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0nSD3sRil48VrCt0May2W7apZtN2N0IJfRHePGgiFd/jzf/jds2goo+GHi8N8PMPD/mTGnb/rByK6tr6xv5zcLW9s7uXnH/oKOiRBLaJhGP5K2PFeVM0LZmmtPbWFIc+px2/cnl3O/eU6lYJG70NKZeiEeCBYxgbaRuPGB37rk9KJbssr0AMqRiN+o1Q+o1p+q6yMmsEmRoDYrv/WFEkpAKTThWqufYsfZSLDUjnM4K/UTRGJMJHtGeoQKHVHnp4twZOjHKEAWRNCU0WqjfJ1IcKjUNfdMZYj1Wv725+JfXS3TQ8FIm4kRTQZaLgoQjHaH572jIJCWaTw3BRDJzKyJjLDHRJqGCCeHrU/Q/6bhlp1J2r6ul5kUWRx6O4BhOwYEzaMIVtKANBCbwAE/wbMXWo/VivS5bc1Y2cwg/YL19AquUjyM=</latexit>
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pi = xi+1 � xi
<latexit sha1_base64="yjdFqNds/eGtgtK/ZNcBvdpqO/k=">AAAB/HicdZDLSsNAFIYnXmu9Rbt0M1gEQSxJerEboejGZQV7gTaEyXTaDp1MwsxEDKG+ihsXirj1Qdz5Nk7bCCp6YODj/8/hnPn9iFGpLOvDWFpeWV1bz23kN7e2d3bNvf22DGOBSQuHLBRdH0nCKCctRRUj3UgQFPiMdPzJ5czv3BIhachvVBIRN0AjTocUI6UlzyxEHoXn8M5L6Yk9haeaqGcWrZI1L6ihbNVrVQ21ql1xHGhnVhFk1fTM9/4gxHFAuMIMSdmzrUi5KRKKYkam+X4sSYTwBI1ITyNHAZFuOj9+Co+0MoDDUOjHFZyr3ydSFEiZBL7uDJAay9/eTPzL68VqWHdTyqNYEY4Xi4YxgyqEsyTggAqCFUs0ICyovhXiMRIIK51XXofw9VP4P7Sdkl0uOdeVYuMiiyMHDsAhOAY2OAMNcAWaoAUwSMADeALPxr3xaLwYr4vWJSObKYAfZbx9Ar8Uk40=</latexit>

X

i

pi = 0
<latexit sha1_base64="o4BTv5zF9jKPIDatamsynkctlo8=">AAAB9XicdVDLSgNBEOyNrxhfUY9eBoPgKezmZS5C0IvHCOYByRpmJ7PJkNnZZWZWCUv+w4sHRbz6L978GyfJCipa0FBUddPd5UWcKW3bH1ZmZXVtfSO7mdva3tndy+8ftFUYS0JbJOSh7HpYUc4EbWmmOe1GkuLA47TjTS7nfueOSsVCcaOnEXUDPBLMZwRrI932VRwMGIpMnSN7kC/YRXsBZEjZrteqhtSqTqVUQk5qFSBFc5B/7w9DEgdUaMKxUj3HjrSbYKkZ4XSW68eKRphM8Ij2DBU4oMpNFlfP0IlRhsgPpSmh0UL9PpHgQKlp4JnOAOux+u3Nxb+8Xqz9upswEcWaCrJc5Mcc6RDNI0BDJinRfGoIJpKZWxEZY4mJNkHlTAhfn6L/SbtUdMrF0nWl0LhI48jCERzDKThwBg24gia0gICEB3iCZ+veerRerNdla8ZKZw7hB6y3Tz9UkbI=</latexit>

p↵↵̇i = �↵
i �̃

↵̇
i

<latexit sha1_base64="rc6d79vfL1arIL0WsucVsUvPtk0="></latexit>

µ↵̇
i = x↵↵̇

i �i↵
<latexit sha1_base64="RpkV05s9pAy2nz3/3q2XQCGQpoY="></latexit>

ZA
i = (�↵

i , µ
↵̇
i )

<latexit sha1_base64="e2E9JVqlyHtbA0Xu6eXcqCWXKOI="></latexit>

[Hodges]

p2i = 0
<latexit sha1_base64="lxkIVI6mHJAU1PfYBuXsWcAidCQ=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0nSD3sRil48VrCt0May2W7apZtN2N0IJfRHePGgiFd/jzf/jds2goo+GHi8N8PMPD/mTGnb/rByK6tr6xv5zcLW9s7uXnH/oKOiRBLaJhGP5K2PFeVM0LZmmtPbWFIc+px2/cnl3O/eU6lYJG70NKZeiEeCBYxgbaRuPGB37rk9KJbssr0AMqRiN+o1Q+o1p+q6yMmsEmRoDYrv/WFEkpAKTThWqufYsfZSLDUjnM4K/UTRGJMJHtGeoQKHVHnp4twZOjHKEAWRNCU0WqjfJ1IcKjUNfdMZYj1Wv725+JfXS3TQ8FIm4kRTQZaLgoQjHaH572jIJCWaTw3BRDJzKyJjLDHRJqGCCeHrU/Q/6bhlp1J2r6ul5kUWRx6O4BhOwYEzaMIVtKANBCbwAE/wbMXWo/VivS5bc1Y2cwg/YL19AquUjyM=</latexit>

The middle picture corresponds to a light-like Wilson loop in planar N=4 SYM.
[Alday, Maldacena], [JMD, Korchemsky, Sokatchev], [Brandhuber, Heslop, Travaglini], [JMD, Henn, Korchemsky, Sokatchev], 
[Bern, Dixon, Kosower, Roiban, Spradlin, Vergu, Volovich], [Berkovits, Maldacena], [Beisert, Ricci, Tseytlin, Wolf], 
[Del Duca, Duhr, Smirnov],…
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pi = xi+1 � xi
<latexit sha1_base64="yjdFqNds/eGtgtK/ZNcBvdpqO/k=">AAAB/HicdZDLSsNAFIYnXmu9Rbt0M1gEQSxJerEboejGZQV7gTaEyXTaDp1MwsxEDKG+ihsXirj1Qdz5Nk7bCCp6YODj/8/hnPn9iFGpLOvDWFpeWV1bz23kN7e2d3bNvf22DGOBSQuHLBRdH0nCKCctRRUj3UgQFPiMdPzJ5czv3BIhachvVBIRN0AjTocUI6UlzyxEHoXn8M5L6Yk9haeaqGcWrZI1L6ihbNVrVQ21ql1xHGhnVhFk1fTM9/4gxHFAuMIMSdmzrUi5KRKKYkam+X4sSYTwBI1ITyNHAZFuOj9+Co+0MoDDUOjHFZyr3ydSFEiZBL7uDJAay9/eTPzL68VqWHdTyqNYEY4Xi4YxgyqEsyTggAqCFUs0ICyovhXiMRIIK51XXofw9VP4P7Sdkl0uOdeVYuMiiyMHDsAhOAY2OAMNcAWaoAUwSMADeALPxr3xaLwYr4vWJSObKYAfZbx9Ar8Uk40=</latexit>

X

i

pi = 0
<latexit sha1_base64="o4BTv5zF9jKPIDatamsynkctlo8=">AAAB9XicdVDLSgNBEOyNrxhfUY9eBoPgKezmZS5C0IvHCOYByRpmJ7PJkNnZZWZWCUv+w4sHRbz6L978GyfJCipa0FBUddPd5UWcKW3bH1ZmZXVtfSO7mdva3tndy+8ftFUYS0JbJOSh7HpYUc4EbWmmOe1GkuLA47TjTS7nfueOSsVCcaOnEXUDPBLMZwRrI932VRwMGIpMnSN7kC/YRXsBZEjZrteqhtSqTqVUQk5qFSBFc5B/7w9DEgdUaMKxUj3HjrSbYKkZ4XSW68eKRphM8Ij2DBU4oMpNFlfP0IlRhsgPpSmh0UL9PpHgQKlp4JnOAOux+u3Nxb+8Xqz9upswEcWaCrJc5Mcc6RDNI0BDJinRfGoIJpKZWxEZY4mJNkHlTAhfn6L/SbtUdMrF0nWl0LhI48jCERzDKThwBg24gia0gICEB3iCZ+veerRerNdla8ZKZw7hB6y3Tz9UkbI=</latexit>

p↵↵̇i = �↵
i �̃

↵̇
i

<latexit sha1_base64="rc6d79vfL1arIL0WsucVsUvPtk0="></latexit>

µ↵̇
i = x↵↵̇

i �i↵
<latexit sha1_base64="RpkV05s9pAy2nz3/3q2XQCGQpoY="></latexit>

ZA
i = (�↵

i , µ
↵̇
i )

<latexit sha1_base64="e2E9JVqlyHtbA0Xu6eXcqCWXKOI="></latexit>

Amplitude depends on hZiZjZkZli = hijkli
<latexit sha1_base64="SiSJMWbzr61izR7AGuG7m989LSA=">AAACH3icdVDLSgMxFM3UV62vqks3wSK4KjPTh90IBTcuK9gHdoYhk2batJnMkGSEMvRP3PgrblwoIu76N6YvUdEDBw7n3Etyjx8zKpVpTo3M2vrG5lZ2O7ezu7d/kD88askoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH13N8vY9EZJG/FaNY+KGqM9pQDFS2vLyVYch3mcE3nlUc6g50mTQEQv/Eq4m6HD0ZXv5glk054BalMxataJFtWKVbRtay6gAlmh4+Q+nF+EkJFxhhqTsWmas3BQJRTEjk5yTSBIjPEJ90tWSo5BIN53fN4Fn2unBIBKaXMG5+30jRaGU49DXkyFSA/k7m5l/Zd1EBTU3pTxOFOF48VCQMKgiOCsL9qggWLGxFggLqv8K8QAJhJWuNKdLWF0K/xctu2iVivZNuVCvL+vIghNwCs6BBS5AHVyDBmgCDB7AE3gBr8aj8Wy8Ge+L0Yyx3DkGP2BMPwEcuaHQ</latexit>

[Hodges]

p2i = 0
<latexit sha1_base64="lxkIVI6mHJAU1PfYBuXsWcAidCQ=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0nSD3sRil48VrCt0May2W7apZtN2N0IJfRHePGgiFd/jzf/jds2goo+GHi8N8PMPD/mTGnb/rByK6tr6xv5zcLW9s7uXnH/oKOiRBLaJhGP5K2PFeVM0LZmmtPbWFIc+px2/cnl3O/eU6lYJG70NKZeiEeCBYxgbaRuPGB37rk9KJbssr0AMqRiN+o1Q+o1p+q6yMmsEmRoDYrv/WFEkpAKTThWqufYsfZSLDUjnM4K/UTRGJMJHtGeoQKHVHnp4twZOjHKEAWRNCU0WqjfJ1IcKjUNfdMZYj1Wv725+JfXS3TQ8FIm4kRTQZaLgoQjHaH572jIJCWaTw3BRDJzKyJjLDHRJqGCCeHrU/Q/6bhlp1J2r6ul5kUWRx6O4BhOwYEzaMIVtKANBCbwAE/wbMXWo/VivS5bc1Y2cwg/YL19AquUjyM=</latexit>

and h�i�ji = hiji

Planar N=4 SYM: dual conformal symmetry: hZiZjZkZli = hijkli
<latexit sha1_base64="SiSJMWbzr61izR7AGuG7m989LSA=">AAACH3icdVDLSgMxFM3UV62vqks3wSK4KjPTh90IBTcuK9gHdoYhk2batJnMkGSEMvRP3PgrblwoIu76N6YvUdEDBw7n3Etyjx8zKpVpTo3M2vrG5lZ2O7ezu7d/kD88askoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH13N8vY9EZJG/FaNY+KGqM9pQDFS2vLyVYch3mcE3nlUc6g50mTQEQv/Eq4m6HD0ZXv5glk054BalMxataJFtWKVbRtay6gAlmh4+Q+nF+EkJFxhhqTsWmas3BQJRTEjk5yTSBIjPEJ90tWSo5BIN53fN4Fn2unBIBKaXMG5+30jRaGU49DXkyFSA/k7m5l/Zd1EBTU3pTxOFOF48VCQMKgiOCsL9qggWLGxFggLqv8K8QAJhJWuNKdLWF0K/xctu2iVivZNuVCvL+vIghNwCs6BBS5AHVyDBmgCDB7AE3gBr8aj8Wy8Ge+L0Yyx3DkGP2BMPwEcuaHQ</latexit>

only



Planar N=4 SYM: Grassmannian Gr(4,n)

Arrange the twistors into a (4 x n) matrix: (ZA
i )

<latexit sha1_base64="plLGUYTnVjXBounOVcDKfWUdSLo=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiDES5iZLOYY9eIxglkwGUNPpydp0rPQ3SOEIR/hxYMiXv0eb/6NnWQEFX1Q8Hiviqp6bsSZVKb5YWRWVtfWN7Kbua3tnd29/P5BW4axILRFQh6Krosl5SygLcUUp91IUOy7nHbcyeXc79xTIVkY3KhpRB0fjwLmMYKVljrF2wG7Oz8d5AtmyVwAaVI267WqJrWqVbFtZKVWAVI0B/n3/jAksU8DRTiWsmeZkXISLBQjnM5y/VjSCJMJHtGepgH2qXSSxbkzdKKVIfJCoStQaKF+n0iwL+XUd3Wnj9VY/vbm4l9eL1Ze3UlYEMWKBmS5yIs5UiGa/46GTFCi+FQTTATTtyIyxgITpRPK6RC+PkX/k7Zdssol+7pSaFykcWThCI6hCBacQQOuoAktIDCBB3iCZyMyHo0X43XZmjHSmUP4AePtE3UUjwA=</latexit>

Dual conformal symmetry: mod out by sl4
<latexit sha1_base64="lbOfmUgYRchKSG8PIsME5htVyKw=">AAAB63icdVDLSsNAFL3xWeur6tLNYBFclSR92GXRjcsK9gFtKJPppB06k4SZiVBCf8GNC0Xc+kPu/BsnbQQVPXDhcM693HuPH3OmtG1/WGvrG5tb24Wd4u7e/sFh6ei4q6JEEtohEY9k38eKchbSjmaa034sKRY+pz1/dp35vXsqFYvCOz2PqSfwJGQBI1hnkuKj2qhUtiv2EsiQqt1s1A1p1J2a6yInt8qQoz0qvQ/HEUkEDTXhWKmBY8faS7HUjHC6KA4TRWNMZnhCB4aGWFDlpctbF+jcKGMURNJUqNFS/T6RYqHUXPimU2A9Vb+9TPzLGyQ6aHopC+NE05CsFgUJRzpC2eNozCQlms8NwUQycysiUywx0Saeognh61P0P+m6FadacW9r5dZVHkcBTuEMLsCBS2jBDbShAwSm8ABP8GwJ69F6sV5XrWtWPnMCP2C9fQIP645C</latexit>

Zi 2 P3
<latexit sha1_base64="jCCIdfTv6F8jea+iSr8iuMi5XW8=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5L0ZZdFNy4r2Ac2MUym03boZBJmJkINxV9x40IRt/6HO//GSRtBRQ8MHM65l3vm+BGjUlnWh5FbWl5ZXcuvFzY2t7Z3zN29jgxjgUkbhywUPR9JwignbUUVI71IEBT4jHT9yXnqd2+JkDTkV2oaETdAI06HFCOlJc88uPYodCiHToDU2PeT1uym4plFq2TNATWpWI16TZN6za6Wy9DOrCLI0PLMd2cQ4jggXGGGpOzbVqTcBAlFMSOzghNLEiE8QSPS15SjgEg3maefwWOtDOAwFPpxBefq940EBVJOA19Pphnlby8V//L6sRo23ITyKFaE48WhYcygCmFaBRxQQbBiU00QFlRnhXiMBMJKF1bQJXz9FP5POuWSXSmVL6vF5llWRx4cgiNwAmxwCprgArRAG2BwBx7AE3g27o1H48V4XYzmjGxnH/yA8fYJ2QaU2Q==</latexit>

Grassmannian: dimension =  (3n� 15)
<latexit sha1_base64="74KLXamngvDAK8GDJo1Zx93YMmQ=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBDiwbC7eZhj0IvHCOYByRJmJ7PJkNnZdWZWCCE/4cWDIl79HW/+jZNkBRUtaCiquunu8mPOlLbtD2tldW19YzOzld3e2d3bzx0ctlSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj6/mfvueSsUicasnMfVCPBQsYARrI3UKJXHuVM5QP5e3i/YCyJCSXatWDKlWnLLrIie18pCi0c+99wYRSUIqNOFYqa5jx9qbYqkZ4XSW7SWKxpiM8ZB2DRU4pMqbLu6doVOjDFAQSVNCo4X6fWKKQ6UmoW86Q6xH6rc3F//yuokOat6UiTjRVJDloiDhSEdo/jwaMEmJ5hNDMJHM3IrICEtMtIkoa0L4+hT9T1pu0SkV3Ztyvn6ZxpGBYziBAjhwAXW4hgY0gQCHB3iCZ+vOerRerNdl64qVzhzBD1hvn/Sljp0=</latexit>

(4-planes in n dimensions)



Arrange the twistors into a (4 x n) matrix: (ZA
i )

<latexit sha1_base64="plLGUYTnVjXBounOVcDKfWUdSLo=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiDES5iZLOYY9eIxglkwGUNPpydp0rPQ3SOEIR/hxYMiXv0eb/6NnWQEFX1Q8Hiviqp6bsSZVKb5YWRWVtfWN7Kbua3tnd29/P5BW4axILRFQh6Krosl5SygLcUUp91IUOy7nHbcyeXc79xTIVkY3KhpRB0fjwLmMYKVljrF2wG7Oz8d5AtmyVwAaVI267WqJrWqVbFtZKVWAVI0B/n3/jAksU8DRTiWsmeZkXISLBQjnM5y/VjSCJMJHtGepgH2qXSSxbkzdKKVIfJCoStQaKF+n0iwL+XUd3Wnj9VY/vbm4l9eL1Ze3UlYEMWKBmS5yIs5UiGa/46GTFCi+FQTTATTtyIyxgITpRPK6RC+PkX/k7Zdssol+7pSaFykcWThCI6hCBacQQOuoAktIDCBB3iCZyMyHo0X43XZmjHSmUP4AePtE3UUjwA=</latexit>

Dual conformal symmetry: mod out by sl4
<latexit sha1_base64="lbOfmUgYRchKSG8PIsME5htVyKw=">AAAB63icdVDLSsNAFL3xWeur6tLNYBFclSR92GXRjcsK9gFtKJPppB06k4SZiVBCf8GNC0Xc+kPu/BsnbQQVPXDhcM693HuPH3OmtG1/WGvrG5tb24Wd4u7e/sFh6ei4q6JEEtohEY9k38eKchbSjmaa034sKRY+pz1/dp35vXsqFYvCOz2PqSfwJGQBI1hnkuKj2qhUtiv2EsiQqt1s1A1p1J2a6yInt8qQoz0qvQ/HEUkEDTXhWKmBY8faS7HUjHC6KA4TRWNMZnhCB4aGWFDlpctbF+jcKGMURNJUqNFS/T6RYqHUXPimU2A9Vb+9TPzLGyQ6aHopC+NE05CsFgUJRzpC2eNozCQlms8NwUQycysiUywx0Saeognh61P0P+m6FadacW9r5dZVHkcBTuEMLsCBS2jBDbShAwSm8ABP8GwJ69F6sV5XrWtWPnMCP2C9fQIP645C</latexit>

Zi 2 P3
<latexit sha1_base64="jCCIdfTv6F8jea+iSr8iuMi5XW8=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5L0ZZdFNy4r2Ac2MUym03boZBJmJkINxV9x40IRt/6HO//GSRtBRQ8MHM65l3vm+BGjUlnWh5FbWl5ZXcuvFzY2t7Z3zN29jgxjgUkbhywUPR9JwignbUUVI71IEBT4jHT9yXnqd2+JkDTkV2oaETdAI06HFCOlJc88uPYodCiHToDU2PeT1uym4plFq2TNATWpWI16TZN6za6Wy9DOrCLI0PLMd2cQ4jggXGGGpOzbVqTcBAlFMSOzghNLEiE8QSPS15SjgEg3maefwWOtDOAwFPpxBefq940EBVJOA19Pphnlby8V//L6sRo23ITyKFaE48WhYcygCmFaBRxQQbBiU00QFlRnhXiMBMJKF1bQJXz9FP5POuWSXSmVL6vF5llWRx4cgiNwAmxwCprgArRAG2BwBx7AE3g27o1H48V4XYzmjGxnH/yA8fYJ2QaU2Q==</latexit>

Grassmannian: dimension =  (3n� 15)
<latexit sha1_base64="74KLXamngvDAK8GDJo1Zx93YMmQ=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBDiwbC7eZhj0IvHCOYByRJmJ7PJkNnZdWZWCCE/4cWDIl79HW/+jZNkBRUtaCiquunu8mPOlLbtD2tldW19YzOzld3e2d3bzx0ctlSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj6/mfvueSsUicasnMfVCPBQsYARrI3UKJXHuVM5QP5e3i/YCyJCSXatWDKlWnLLrIie18pCi0c+99wYRSUIqNOFYqa5jx9qbYqkZ4XSW7SWKxpiM8ZB2DRU4pMqbLu6doVOjDFAQSVNCo4X6fWKKQ6UmoW86Q6xH6rc3F//yuokOat6UiTjRVJDloiDhSEdo/jwaMEmJ5hNDMJHM3IrICEtMtIkoa0L4+hT9T1pu0SkV3Ztyvn6ZxpGBYziBAjhwAXW4hgY0gQCHB3iCZ+vOerRerNdl64qVzhzBD1hvn/Sljp0=</latexit>

Amplitudes are functions on this space as well as of the coupling

A(�, Z) =
X

l

�lA(l)(Z)
<latexit sha1_base64="Eqbmbc2Y79WTLGHwitXcCOXQdJ0="></latexit>

Low orders, multiplicities:            is a sum of iterated integrals of weight A(l)
<latexit sha1_base64="6tYT8x30yt6n9VnR2BKSUNJQHtw=">AAAB+nicdVDNTsJAGNziH+Jf0aOXjcQEL6RFRLyhXjxiImAClWyXLWzYbpvdrYbUPooXDxrj1Sfx5tu4hZqo0Uk2mcx8X77ZcUNGpbKsDyO3sLi0vJJfLaytb2xumcXtjgwigUkbBywQ1y6ShFFO2ooqRq5DQZDvMtJ1J+ep370lQtKAX6lpSBwfjTj1KEZKSwOz2PeRGmPE4tPkJi6zg2RglqyKNQPUpHFyZNc1qVlW3W5AO7NKIENrYL73hwGOfMIVZkjKnm2FyomRUBQzkhT6kSQhwhM0Ij1NOfKJdOJZ9ATua2UIvUDoxxWcqd83YuRLOfVdPZkGlb+9VPzL60XKazgx5WGkCMfzQ17EoApg2gMcUkGwYlNNEBZUZ4V4jATCSrdV0CV8/RT+TzrVin1YqV7WSs2zrI482AV7oAxscAya4AK0QBtgcAcewBN4Nu6NR+PFeJ2P5oxsZwf8gPH2CVEllAs=</latexit>

2l
<latexit sha1_base64="qHnNW67kI4zzKkdtXD1btXcx7ts=">AAAB6XicdVBNSwMxEJ31s9avqkcvwSJ4Kru11norevFYxX5Au5Rsmm1Dk+ySZIWy9B948aCIV/+RN/+NabuCij4YeLw3w8y8IOZMG9f9cJaWV1bX1nMb+c2t7Z3dwt5+S0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfDXz2/dUaRbJOzOJqS/wULKQEWysdFvm/ULRLblzIEtqF2de1ZKK61a9GvIyqwgZGv3Ce28QkURQaQjHWnc9NzZ+ipVhhNNpvpdoGmMyxkPatVRiQbWfzi+domOrDFAYKVvSoLn6fSLFQuuJCGynwGakf3sz8S+vm5iw5qdMxomhkiwWhQlHJkKzt9GAKUoMn1iCiWL2VkRGWGFibDh5G8LXp+h/0iqXvNNS+aZSrF9mceTgEI7gBDw4hzpcQwOaQCCEB3iCZ2fsPDovzuuidcnJZg7gB5y3T4sAjWA=</latexit>

(4-planes in n dimensions)

Planar N=4 SYM: Grassmannian Gr(4,n)

(4-pt and 5-pt fixed!)
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⇤
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E(1)
6 (u1, u2, u3) =

3X

i=1

Li2(1� 1/ui)

One loop (weight 2):

Two loops (weight 4):
[Goncharov, Spradlin, Vergu, Volovich]

Hexagons: perturbative expressions



Classical polylogarithms: Lin(x) =

Z x

0

dt

t
Lin�1(t) , Li1(x) = � log(1� x)

[Chen], [Goncharov], [Brown], …
Iterated Integrals



Classical polylogarithms: Lin(x) =

Z x

0

dt

t
Lin�1(t) , Li1(x) = � log(1� x)

Many variables: df (k) =
X

�

f (k�1)
� d log � , f (1) =

X

�

r� log �

The ‘letters’      run over a finite set of rational functions (later algebraic).�

[Chen], [Goncharov], [Brown], …
Iterated Integrals



Classical polylogarithms: Lin(x) =

Z x

0

dt

t
Lin�1(t) , Li1(x) = � log(1� x)

Many variables: df (k) =
X

�

f (k�1)
� d log � , f (1) =

X

�

r� log �

The ‘letters’      run over a finite set of rational functions (later algebraic).�

Symbol:

[Chen], [Goncharov], [Brown], …
Iterated Integrals

Integrability:

S[f (k)] =
X

�

S[f (k�1)
� ]⌦ � =

X

~�

c~� [�1 ⌦ . . .⌦ �k]

<latexit sha1_base64="tEEGGKGbcxcm4ywAm7D5l5M/2uw="></latexit>

X

~�

c~� [�1 ⌦ . . .⌦ �i�1 ⌦ �i+2 ⌦ . . .⌦ �k] d log �i ^ d log �i+1 = 0



Classical polylogarithms: Lin(x) =

Z x

0

dt

t
Lin�1(t) , Li1(x) = � log(1� x)

Many variables: df (k) =
X

�

f (k�1)
� d log � , f (1) =

X

�

r� log �

The ‘letters’      run over a finite set of rational functions (later algebraic).�

Symbol:

Differential properties:

Discontinuities:

[Chen], [Goncharov], [Brown], …
Iterated Integrals

Integrability:

S[f (k)] =
X

�

S[f (k�1)
� ]⌦ � =

X

~�

c~� [�1 ⌦ . . .⌦ �k]

<latexit sha1_base64="tEEGGKGbcxcm4ywAm7D5l5M/2uw="></latexit>

d[�1 ⌦ . . .⌦ �k] = [�1 ⌦ . . .⌦ �k�1]d log �k

disc�1=0[�1 ⌦ . . .⌦ �k] = (2⇡i)[�2 ⌦ . . .⌦ �k]

X

~�

c~� [�1 ⌦ . . .⌦ �i�1 ⌦ �i+2 ⌦ . . .⌦ �k] d log �i ^ d log �i+1 = 0



〈1234〉

〈1235〉 〈1236〉

〈1245〉 〈1256〉

〈1345〉 〈1456〉

〈2345〉 〈3456〉

〈1345〉 〈1356〉

〈2346〉〈1246〉

〈1245〉 〈2356〉

〈1235〉〈1235〉

〈2456〉

〈1346〉

Cluster Algebras

u1 =
h1236ih3456i
h1346ih2356i , 1� u1 =

h1356ih2346i
h1346ih2356i , y1 =

h1345ih2456ih1236i
h1235ih3456ih1246i

Mutation generates all 15 four-brackets (arranged in Stasheff polytope).
Nine homogeneous combinations (letters):

& cyc.

[Golden, Goncharov, Spradlin, Vergu, Volovich] using results of [Caron-Huot]

Six-point case:



Heptagons Gr(4,7)
[JMD, Papathanasiou, Spradlin], [Dixon, JMD, Harrington, Mcleod, Papathanasiou, Spradlin]

Mutation generates all 35 four-brackets and 14 quadratics.

Arranged in a six-dimensional polytope with 833 clusters (hard to draw!).



Heptagons Gr(4,7)
[JMD, Papathanasiou, Spradlin], [Dixon, JMD, Harrington, Mcleod, Papathanasiou, Spradlin]

Mutation generates all 35 four-brackets and 14 quadratics.

Arranged in a six-dimensional polytope with 833 clusters (hard to draw!).



Heptagons Gr(4,7)
[JMD, Papathanasiou, Spradlin], [Dixon, JMD, Harrington, Mcleod, Papathanasiou, Spradlin]

Mutation generates all 35 four-brackets and 14 quadratics.

Arranged in a six-dimensional polytope with 833 clusters (hard to draw!).

a11 =
h1234ih1567ih2367i
h1237ih1267ih3456i , a41 =

h2457ih3456i
h2345ih4567i ,

a21 =
h1234ih2567i
h1267ih2345i , a51 =

h1(23)(45)(67)i
h1234ih1567i ,

a31 =
h1567ih2347i
h1237ih4567i , a61 =

h1(34)(56)(72)i
h1234ih1567i

For heptagons we generate the following 42 homogeneous letters

and those obtained by cyclic rotation of the labels.

ha(bc)(de)(fg)i ⌘ habdeihacfgi � habfgihacdei



〈1345〉 〈1356〉

〈2346〉〈1246〉

〈1245〉 〈2356〉

〈1235〉〈1235〉

〈2456〉

〈1346〉

Cluster Adjacency
Steinmann relations - cannot have:

h1245i ⌦ h2356i ⌦ . . .



〈1345〉 〈1356〉

〈2346〉〈1246〉

〈1245〉 〈2356〉

〈1235〉〈1235〉

〈2456〉

〈1346〉

Cluster Adjacency
Steinmann relations - cannot have:

h1245i ⌦ h2356i ⌦ . . .

By inspection we find also cannot have:

h1245i ⌦ h1356i ⌦ . . .

h1345i ⌦ h2456i ⌦ . . .

True everywhere in symbol.



〈1345〉 〈1356〉

〈2346〉〈1246〉

〈1245〉 〈2356〉

〈1235〉〈1235〉

〈2456〉

〈1346〉

Cluster Adjacency
Steinmann relations - cannot have:

h1245i ⌦ h2356i ⌦ . . .

By inspection we find also cannot have:

h1245i ⌦ h1356i ⌦ . . .

h1345i ⌦ h2456i ⌦ . . .

True everywhere in symbol.

Cluster Adjacency Principle:

Consecutive discontinuities around unfrozen nodes labelling separated faces forbidden.

[JMD, Foster, Gürdogan]



〈1345〉 〈1356〉

〈2346〉〈1246〉

〈1245〉 〈2356〉

〈1235〉〈1235〉

〈2456〉

〈1346〉

Steinmann relations - cannot have:

h1245i ⌦ h2356i ⌦ . . .

By inspection we find also cannot have:

h1245i ⌦ h1356i ⌦ . . .

h1345i ⌦ h2456i ⌦ . . .

True everywhere in symbol.

Cluster Adjacency Principle:

Consecutive discontinuities around unfrozen nodes labelling separated faces forbidden.

[JMD, Foster, Gurdogan]

Algebraic and geometric picture behind the analytic structure of amplitudes.

Cluster Adjacency



Bootstrap programme

Build integrable words in the symbol alphabet

Initial entries constrained by physical branch cuts, final entries by supersymmetry

Steinmann/cluster adjacency

Well behaved in collinear limits

Fixes e.g. heptagon (and hence hexagon symbols) up to four loops

[Dixon, JMD, Henn], 
[Dixon, JMD, von Hippel, Pennington], 
[Dixon, JMD, Duhr, Pennington], 
[Dixon, von Hippel]
[JMD, Papathanasiou, Spradlin],
[Dixon, von Hippel, McLeod],
[Caron-Huot, Dixon, von Hippel, McLeod], 
[Dixon, JMD, Harrington, Mcleod, Papathanasiou, Spradlin], 
[Caron-Huot, Dixon, Dulat, von Hippel, McLeod], 
[JMD, Foster, Gürdogan, Papathanasiou],
[Dixon, Gürdogan, McLeod, Wilhelm],… The approach generalises to form factors.



A Puzzle

9 letters



A Puzzle

9 letters 42 letters



A Puzzle

?
9 letters 42 letters Infinitely many?



Grassmannian Gr(4,n)

Plücker coordinates hZiZjZkZli = hijkli
<latexit sha1_base64="SiSJMWbzr61izR7AGuG7m989LSA=">AAACH3icdVDLSgMxFM3UV62vqks3wSK4KjPTh90IBTcuK9gHdoYhk2batJnMkGSEMvRP3PgrblwoIu76N6YvUdEDBw7n3Etyjx8zKpVpTo3M2vrG5lZ2O7ezu7d/kD88askoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH13N8vY9EZJG/FaNY+KGqM9pQDFS2vLyVYch3mcE3nlUc6g50mTQEQv/Eq4m6HD0ZXv5glk054BalMxataJFtWKVbRtay6gAlmh4+Q+nF+EkJFxhhqTsWmas3BQJRTEjk5yTSBIjPEJ90tWSo5BIN53fN4Fn2unBIBKaXMG5+30jRaGU49DXkyFSA/k7m5l/Zd1EBTU3pTxOFOF48VCQMKgiOCsL9qggWLGxFggLqv8K8QAJhJWuNKdLWF0K/xctu2iVivZNuVCvL+vIghNwCs6BBS5AHVyDBmgCDB7AE3gBr8aj8Wy8Ge+L0Yyx3DkGP2BMPwEcuaHQ</latexit>

obey relations: hijk[lihmnpq]i = 0
<latexit sha1_base64="Qk3kuvAcNQdzyFqsThh+qx0s5DM=">AAACGHicdZDLSgMxFIYzXmu9jbp0EyyCqzozvdiNUHTjsoK9QDuUTJq2sUlmTDJCKX0MN76KGxeKuO3OtzFtp6KiBwJ/vv8ckvMHEaNKO86HtbS8srq2ntpIb25t7+zae/s1FcYSkyoOWSgbAVKEUUGqmmpGGpEkiAeM1IPB5dSv3xOpaChu9DAiPkc9QbsUI21Q2z5tMSR6jEB6O2gy2JLz24JyEd35X/QcOm0742SdWUEjck6pWDCiWHDzngfdxMqApCpte9LqhDjmRGjMkFJN14m0P0JSU8zION2KFYkQHqAeaRopECfKH80WG8NjQzqwG0pzhIYz+n1ihLhSQx6YTo50X/32pvAvrxnrbskfURHFmgg8f6gbM6hDOE0JdqgkWLOhEQhLav4KcR9JhLXJMm1CWGwK/xc1L+vmst51PlO+SOJIgUNwBE6AC85AGVyBCqgCDB7AE3gBr9aj9Wy9We/z1iUrmTkAP8qafAJzu59i</latexit>

hij[klihmnp]qi = 0
<latexit sha1_base64="smqLjMoQvzWOl7IWXQAjFaA825M=">AAACF3icdZDLSgMxFIYzXmu9VV26CRbB1TDTm90IRTcuK9gLzAwlk2ba2CQzJhmhlL6FG1/FjQtF3OrOtzG9gYoeCPz5/nNIzh8mjCrtOJ/W0vLK6tp6ZiO7ubW9s5vb22+qOJWYNHDMYtkOkSKMCtLQVDPSTiRBPGSkFQ4uJn7rjkhFY3GthwkJOOoJGlGMtEGdnO0zJHqMQHrjDRj05ey2oFwkwe0CnkGnk8s7tjMtaETRqVbKRlTKbqlQgO7cyoN51Tu5D78b45QToTFDSnmuk+hghKSmmJFx1k8VSRAeoB7xjBSIExWMpnuN4bEhXRjF0hyh4ZR+nxghrtSQh6aTI91Xv70J/MvzUh1VgxEVSaqJwLOHopRBHcNJSLBLJcGaDY1AWFLzV4j7SCKsTZRZE8JiU/i/aBZst2gXrkr52vk8jgw4BEfgBLjgFNTAJaiDBsDgHjyCZ/BiPVhP1qv1NmtdsuYzB+BHWe9fD0mfOA==</latexit>

We can define the Grassmannian through these relations

hijkli �! pijkl
<latexit sha1_base64="KWtod5qAbI+JzwRjBTALHrfG5E4="></latexit>



Tropical Grassmannian

Plücker relations:

(Plücker ideal)

pijk[lpmnpq] = 0
<latexit sha1_base64="0E8GQ+JrpZJI67FEVnplQT+JxiY=">AAACAHicdZDLSgMxFIYz9VbrrerChZtgEVyVmd7sRii6cVnBXmA6lEyatrFJZkwyQhlm46u4caGIWx/DnW9j2o6gogcCH/9/Difn90NGlbbtDyuztLyyupZdz21sbm3v5Hf32iqIJCYtHLBAdn2kCKOCtDTVjHRDSRD3Gen4k4uZ37kjUtFAXOtpSDyORoIOKUbaSP38QdiP6c3EZQk0xEV46yXwDNr9fMEu2vOCBsp2vVY1UKs6lVIJOqlVAGk1+/n33iDAESdCY4aUch071F6MpKaYkSTXixQJEZ6gEXENCsSJ8uL5AQk8NsoADgNpntBwrn6fiBFXasp908mRHqvf3kz8y3MjPax7MRVhpInAi0XDiEEdwFkacEAlwZpNDSAsqfkrxGMkEdYms5wJ4etS+D+0S0WnXCxdVQqN8zSOLDgER+AEOOAUNMAlaIIWwCABD+AJPFv31qP1Yr0uWjNWOrMPfpT19glR4pY4</latexit>

pij[klpmnp]q = 0
<latexit sha1_base64="6NnMi/XGjTjxI7A93pEcIvmkKyA=">AAACAHicdZDLSgMxFIYz9VbrrerChZtgEVyVmd7sRii6cVnBXmA6lEyatrFJZkwyQhlm46u4caGIWx/DnW9j2o6gogcCH/9/Difn90NGlbbtDyuztLyyupZdz21sbm3v5Hf32iqIJCYtHLBAdn2kCKOCtDTVjHRDSRD3Gen4k4uZ37kjUtFAXOtpSDyORoIOKUbaSP38QdiP6Y07YQk0xEXo3SbwDNr9fMEu2vOCBsp2vVY1UKs6lVIJOqlVAGk1+/n33iDAESdCY4aUch071F6MpKaYkSTXixQJEZ6gEXENCsSJ8uL5AQk8NsoADgNpntBwrn6fiBFXasp908mRHqvf3kz8y3MjPax7MRVhpInAi0XDiEEdwFkacEAlwZpNDSAsqfkrxGMkEdYms5wJ4etS+D+0S0WnXCxdVQqN8zSOLDgER+AEOOAUNMAlaIIWwCABD+AJPFv31qP1Yr0uWjNWOrMPfpT19glRvpY4</latexit>

[Speyer, Sturmfels]



Plücker relations:

Tropicalise: multiplication
addition

addition
minimum

�!
<latexit sha1_base64="Pz/t9RwZnSBIEkSzF5IOoCZwLgQ=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCqzIzfdhl0Y3LCvYB7VAyaWYamkmGJKPU0i9x40IRt36KO//GtB1BRQ9cOJxzL/feEySMKu04H1ZubX1jcyu/XdjZ3dsv2geHHSVSiUkbCyZkL0CKMMpJW1PNSC+RBMUBI91gcrnwu7dEKir4jZ4mxI9RxGlIMdJGGtrFARM8kjQaaySluBvaJafsLAENqTiNes2Qes2teh50M6sEMrSG9vtgJHAaE64xQ0r1XSfR/gxJTTEj88IgVSRBeIIi0jeUo5gof7Y8fA5PjTKCoZCmuIZL9fvEDMVKTePAdMZIj9VvbyH+5fVTHTb8GeVJqgnHq0VhyqAWcJECHFFJsGZTQxCW1NwK8RhJhLXJqmBC+PoU/k86XtmtlL3raql5kcWRB8fgBJwBF5yDJrgCLdAGGKTgATyBZ+veerRerNdVa87KZo7AD1hvn6+Tk8Q=</latexit>

�!
<latexit sha1_base64="Pz/t9RwZnSBIEkSzF5IOoCZwLgQ=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCqzIzfdhl0Y3LCvYB7VAyaWYamkmGJKPU0i9x40IRt36KO//GtB1BRQ9cOJxzL/feEySMKu04H1ZubX1jcyu/XdjZ3dsv2geHHSVSiUkbCyZkL0CKMMpJW1PNSC+RBMUBI91gcrnwu7dEKir4jZ4mxI9RxGlIMdJGGtrFARM8kjQaaySluBvaJafsLAENqTiNes2Qes2teh50M6sEMrSG9vtgJHAaE64xQ0r1XSfR/gxJTTEj88IgVSRBeIIi0jeUo5gof7Y8fA5PjTKCoZCmuIZL9fvEDMVKTePAdMZIj9VvbyH+5fVTHTb8GeVJqgnHq0VhyqAWcJECHFFJsGZTQxCW1NwK8RhJhLXJqmBC+PoU/k86XtmtlL3raql5kcWRB8fgBJwBF5yDJrgCLdAGGKTgATyBZ+veerRerNdVa87KZo7AD1hvn6+Tk8Q=</latexit>

example: xy + wz2 + 2uv �! min(x+ y, w + 2z, u+ v)
<latexit sha1_base64="S4IxcoVB2DBnOy+lBPuzGG/RUGg="></latexit>

(Plücker ideal)

pijk[lpmnpq] = 0
<latexit sha1_base64="0E8GQ+JrpZJI67FEVnplQT+JxiY=">AAACAHicdZDLSgMxFIYz9VbrrerChZtgEVyVmd7sRii6cVnBXmA6lEyatrFJZkwyQhlm46u4caGIWx/DnW9j2o6gogcCH/9/Difn90NGlbbtDyuztLyyupZdz21sbm3v5Hf32iqIJCYtHLBAdn2kCKOCtDTVjHRDSRD3Gen4k4uZ37kjUtFAXOtpSDyORoIOKUbaSP38QdiP6c3EZQk0xEV46yXwDNr9fMEu2vOCBsp2vVY1UKs6lVIJOqlVAGk1+/n33iDAESdCY4aUch071F6MpKaYkSTXixQJEZ6gEXENCsSJ8uL5AQk8NsoADgNpntBwrn6fiBFXasp908mRHqvf3kz8y3MjPax7MRVhpInAi0XDiEEdwFkacEAlwZpNDSAsqfkrxGMkEdYms5wJ4etS+D+0S0WnXCxdVQqN8zSOLDgER+AEOOAUNMAlaIIWwCABD+AJPFv31qP1Yr0uWjNWOrMPfpT19glR4pY4</latexit>

pij[klpmnp]q = 0
<latexit sha1_base64="6NnMi/XGjTjxI7A93pEcIvmkKyA=">AAACAHicdZDLSgMxFIYz9VbrrerChZtgEVyVmd7sRii6cVnBXmA6lEyatrFJZkwyQhlm46u4caGIWx/DnW9j2o6gogcCH/9/Difn90NGlbbtDyuztLyyupZdz21sbm3v5Hf32iqIJCYtHLBAdn2kCKOCtDTVjHRDSRD3Gen4k4uZ37kjUtFAXOtpSDyORoIOKUbaSP38QdiP6Y07YQk0xEXo3SbwDNr9fMEu2vOCBsp2vVY1UKs6lVIJOqlVAGk1+/n33iDAESdCY4aUch071F6MpKaYkSTXixQJEZ6gEXENCsSJ8uL5AQk8NsoADgNpntBwrn6fiBFXasp908mRHqvf3kz8y3MjPax7MRVhpInAi0XDiEEdwFkacEAlwZpNDSAsqfkrxGMkEdYms5wJ4etS+D+0S0WnXCxdVQqN8zSOLDgER+AEOOAUNMAlaIIWwCABD+AJPFv31qP1Yr0uWjNWOrMPfpT19glRvpY4</latexit>

[Speyer, Sturmfels]Tropical Grassmannian



Plücker relations:

Tropicalise: multiplication
addition

addition
minimum

�!
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example: xy + wz2 + 2uv �! min(x+ y, w + 2z, u+ v)
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(Plücker ideal)

pijk[lpmnpq] = 0
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pij[klpmnp]q = 0
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Tropical polynomials divide the space into regions of piecewise linearity

Regions separated by tropical hypersurfaces

[Speyer, Sturmfels]Tropical Grassmannian



Plücker relations:

Tropicalise: multiplication
addition

addition
minimum
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example: xy + wz2 + 2uv �! min(x+ y, w + 2z, u+ v)
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(Plücker ideal)

pijk[lpmnpq] = 0
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pij[klpmnp]q = 0
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Tropical polynomials divide the space into regions of piecewise linearity

Regions separated by tropical hypersurfaces

[Speyer, Sturmfels]

Tropical space captures many features of the original

Tropical Grassmannian



Positive Tropical Grassmannian Tr(4,6)+
[Speyer, Williams]

x2

x1

x3

1

(0, 0, 1) (1,�1, 0)

(0, 0,�1)(�1, 0, 0)

(0,1,0) (1, 0,�1)

(1, 0, 0)

(0, 1,�1)

(0,�1, 0)

1

Tropical Grassmannian captures many features of the cluster algebra.



Positive Tropical Grassmannians Tr(4,8)+

For n=8 we have infinite cluster algebra

1) Need a way to select a finite number of A-coords

2) We know: some letters are not rational functions so cannot be A-coords 



Positive Tropical Grassmannians Tr(4,8)+

For n=8 we have infinite (affine) cluster algebra

1) Need a way to select a finite number of A-coords

2) We know: some letters are not rational functions so cannot be A-coords 

Four-mass box already present at one loop for 8-point amplitudes.

u = xx̄, v = (1� x)(1� x̄)



Positive Tropical Grassmannians Tr(4,8)+

For n=8 we have infinite (affine) cluster algebra

1) Need a way to select a finite number of A-coords

2) We know: some letters are not rational functions so cannot be A-coords 

1st problem solved by picking a tropical fan

S g-vector rays extra rays

{hi i+ 1 j j + 1i , hi� 1 i i+ 1 ji} 272 2
{hijkli} 356 4

{hijkli , hijkli} 544 4
<latexit sha1_base64="Mkh0lhcwmxICsCh64j/hasvDqGM="></latexit>



Positive Tropical Grassmannians Tr(4,8)+

For n=8 we have infinite (affine) cluster algebra

1) Need a way to select a finite number of A-coords

2) We know: some letters are not rational functions so cannot be A-coords 

1st problem solved by picking a tropical fan

2nd problem also solved!

S g-vector rays extra rays

{hi i+ 1 j j + 1i , hi� 1 i i+ 1 ji} 272 2
{hijkli} 356 4

{hijkli , hijkli} 544 4
<latexit sha1_base64="Mkh0lhcwmxICsCh64j/hasvDqGM="></latexit>

square root letters
Match 18 letters of 2-loop NMHV octagon! 
using results of [He, Li, Zhang]



Back to generic massless planar theory

Much of the structure survives without dual conformal symmetry

Many results still expressed as iterated integrals over an alphabet of letters

Four-points - 2 letters: {x, 1 + x} x =
t

s

Five-points - 26 letters:

Harmonic polylogarithms [Gehrmann,Remiddi]

Pentagon functions [Gehrmann, Henn, Lo Presti]

& cyc{s12, s12 + s23, s12 � s45, s12 + s23 � s45,� = |sij |, a+
p
�

a�
p
�
}

Rational functions of momentum twistor variables.

Six-points - ?



Relations to geometry?

Some things are known

Four-point, one-mass topology related to a folding of dual conformal 
hexagon case: A3 ! C2

(gives six-letter alphabet)[Henn, Papathanasiou]

This case is also related to a form factor:
[Dixon, McLeod, Wilhelm], [Dixon, Gürdogan, McLeod, Wilhelm]

Can also drop the requirement of planarity. 

Full pentagon alphabet obtained by permutations of planar one.
[Chicherin, Henn, Mitev]



Summary

Positive Tropical Grassmannian directly connected to cluster algebras

We have choices of fans associated to positive tropical Grassmannian

For each fan we have a natural class of tropically adjacenct polylogarithms

Tropical fan and cluster algebra combine to provide algebraic letters

Grassmannian describes the kinematics of planar massless scattering

Cluster algebras provide sets of singularities and relations between them

Hints that relations of amplitudes to geometry of kinematics go much deeper!



Outlook

Beyond octagon we have wild cases (not affine)

Elliptic functions?

Can tropical geometry play a role for general massless scattering?

What plays the role of the cluster algebra?

Bases for cluster (tropically) adjacent polylogarithms

Adjacency rules in the presence of algebraic singularities?


