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Generalities of the spectrum
> two universal string parameters: o’ and gg

> infinitely many physical states

1
M? = integer x "

that are thought of as:
1. mass eigenstates = on—shell mass

2. irreps of SO(D —1) or SO(D —2) =TT

1-particle states a la Bargmann and Wigner ?

> What does the spectrum look like? Is there a bigger symmetry?
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The physicality condition

» Polyakov action: the string field can be expanded in modes o},

P> energy-momentum tensor on the worldsheet = modes:

—+o0
Ln=1% Z S On—mQm: ,  ab ~p"
> algebra: Virasoro
[Lm, Ln] = (m — ’I’L)Lm+n + I*CQ’N’L(TTL2 — 1)6m+n
» physicality condition: Virasoro constraints
Ln>olphys) =0, (Lo — 1)|phys) =0

on any state need only three constraints:

see e.g. Sasaki, Yamanaka 1985

Lo|phys) =0 , Li|phys) =0 , La|phys)=0
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Example: the leading Regge trajectory

> oscillator algebra: [af, a%,] = dpmirnnt”

» Fock space: a_j, ~ (aT)Z and aqp ~af, k>0
aik‘m =0

> leading Regge trajectory:

€pur..pis (D) O‘lill ce alisl Ip)

» Virasoro constraints: L fixes p? and
Li~p-ap+... Lo~aj-a1+...

= Ly checks transversality, p”e,p,..us =0
and Lo checks tracelessness, 7% €yg 5.0, = 0
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Building the spectrum 1

» Method 1: light—cone gauge
> e.g. bosonic strings: use transverse oscillators o’ ,

> non—covariant, leads to superposition or fraction of states

Goddard, Thorn 1972

Goddard, Goldstone, Rebbi, Thorn 1973

N ” gl(24) tensors so(24) irreps | little group irreps
0 [k) o .
L]
al|k)
1 |:|1 0O ]
Q'L a’2 k) al,lk)

2 i -2 O o0 @ (]

b 0
3 al_llal_zlaz_?’l‘k> al_lzo‘z_zl‘k> 07;_3|k> 117 o [ SO0 e 1T

oo O8O O oH o0 o
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see e.g. Blumenhagen, Liist, Theisen book
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A covariant way: vertex operators

> state—operator correspondence, e.g. for open bosonic strings:
QM Lah (0p) e GMIXMLLL 9k XMk X
> operator ingredients: primary dX and its descendants
V(z) = F<8X“, 92XH, ... ,8’“X“> et X
> impose the physical state condition:
[Q,V] = tot. deriv. = hy=1 , op>=N-1 , hp=N

> first few levels:

1. N =0: Viachyon(p, 2) = €%

2. N=1:Vi(p,2) = €, 0X+ X

3. N =2: Vg(p,2) = B, 0X*0X" P X

[go, T® and normalizations in front of v.o. omitted for simplicity]|
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Building the spectrum 2

» Method 2: DDF

> scatter k£ photons, each of momentum —n;q, off of tachyon
= generic state: (e, - A_p, ) ... (1 A_p,)eP* | N = an

where A" : DDF operators, with A* , <> a®

.. ~ !
» condition on the reference momentum: p-gq =1
Del Giudice, Di Vecchia, Fubini 1972
Brower 1972
Skliros, Hindmarsh ’11

> disparate decays of states at very high N, chaos?

Firrotta, Rosenhaus '22
Bianchi, Firrotta, Sonnenschein, Weissman ’22-’23

» Method 3: construct SO(D — 1) irreps from partition function

Forcella, Hanany, J. Troost 10
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Main challenge: how do excited states look like?
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Visualisation: Regge trajectories

N || decomposition in physical states

0| e

1| ora—2)

2 | 1]

3 | CTeH

4| [ITeH-e[ T

5 | (TTT e e T e '@H@D

6 | ITTTT e e T T e Hell e[ He ...
see c.g. Weinberg 1985, Mafies, Vozmediano 1989

the spectrum seems repetitive, but is there a certain pattern?
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Visualisation: Regge trajectories

> leading Regge: highest spins V level
1. bosonic strings:

s ip-X 2 s—1
V(p, Z) = § €pt...pis (p) OXH . OXMe e b= = o
SF 5°F
Peupuspe =0 €upup =0 or prge = s Saxsox =0

= As, Ay and s1—so—sg couplings

Sagnotti, Taronna ’10

2. superstrings, heterotic strings
Schlotteter 10

Bianchi, Lopez, Richter '10
Bianchi, Teresi 11

for string field theory see Benakli, Berkovits, Daniel, L
Benakli, Daniel, Ke ’

> What does the spectrum look like beyond the leading Regge? Is it
concealing a bigger organizing symmetry?
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What does a state look like?

> any state has a polarization depicted by a Young diagram
S1

H(51)s A(s2)50 V(s k) (p) . 32 S1> 80> ... 8k

)

5K
> for physical states: dress polarization by suitable polynomial

k) _

> notation: X = 0" X,,, simplest physical example:

F = (s1):A(52)50, v(s5K) Xlsll) ] X;(i)l ---Xl(/f{) Xz(/f;)
K
lowest possible level: Ny, = Z Sit
i=1

> leading Regge: 1 row, spin—s at N = s = simplest subexample

CM, Skvortsov 23

Chrysoula Markou



Where does a state appear?

> there are infinitely many ways to render a given diagram physical

> any state appears at Ny and at higher levels N = Ny, +w
= let’s call w “depth”

> let’s call trajectory a fixed number of rows at fized w
example: at w = 0, each value of K corresponds to a new
trajectory (K = 1: leading Regge)

> example: shifted clone of leading Regge that starts at NV =4

trajectory H Young shape  spin N w  lowest member

. ] s20 s 0 .
T sz2 ost2 2 [T

CM, Skvortsov ’23
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leading Regge

first “clone”



Let’s reorganize the spectrum

> instead of N, let’s use w to organize the spectrum

w || trajectories
0 @<J8—2 prs—4 @...)@ ®...
1 (j—?’ ol s=—5 @...)@...

2 | a2 Jerp=te...

3| Ls=3]®...
4| 3 [E=a]e...

> complexity: measured by w (and number of rows)

» remember: finite K for every trajectory!

CM, Skvortsov '23
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All trajectories at once

> let’s consider the most general vertex operator:
Vr(e,p) = F[X0, X, ]orx®

> let’s impose [Q,VFr(z,p)] = tot. deriv. = obtain:
» 1 on—shell condition

(Lo—l)Fz(ZnXW 5)(() +a'p? —l)F:O

n=0

» n differential constraints

m:n—l

52
_ S O B Sy (m) SV (n—m)
(n+m+1D! ) J =
T e i

> now leading Regge is the special case with no descendants

CM, Skvortsov ’23
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Howe duality and a bigger organizing symmetry

> let’s define the operators

2

T | = X = sXxX®sxD )

Tkl Tkl = X(k) : X(l)

L0
sx® 0

which check Young symmetry & tracelessness
T™MF =0 (k<) , TuF=0
and act on the k indices, whose range is infinite

> simplification: transverse subspace is sufficient
= p appears only within the transverse metric

see e.g. Maifies, Vozmediano 1989

> {TF, Ty, T} form sp(2e) = Howe dual to so(D —1,1)

for the duality of commuting algebras see Howe 1989

idea: use this bigger symmetry to construct trajectories

CM, Skvortsov ’23
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Howe duality and a bigger organizing symmetry

> let’s rewrite our constraints as
(Lo —1)F = (Zn:OnT”n +a'p? — 1)F =0

(n+m+1)!, i1 _
n>OF [ Z TTL' n - m n—m TT n+m+1 F=0
> on any function F' need only

LoF=0 , LtF=0 , LiF=0

» Howe duality now implies that:
the lowest weight states of sp(2e) solve the Virasoro constraints
> example: w =10

F = o0 A6 ver) (O x (D xR
s1

Vs e

CM, Skvortsov ’23
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Building the spectrum: a new technology

> idea: use sp(2e) creation operators to construct trajectories
Fl=fm ") F |, k>,
where f: trajectory—shifting operator of weight w

> can distinguish 2 kinds of embeddings:
“principal” (w = 0) and “non—principal” (w > 0)

> example: take leading Regge (w = 0)

— a(s) 1)
F=c¢ Xa(s) ,

and dress it to create a subleading trajectory at w = 2

THF =0

FI= | BT 42T +7(T%)° | F

‘ s = f x| s |

CM, Skvortsov ’2¢
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Building the spectrum: a new technology

> for the trajectory at w = 2, solve the Virasoro constraints:

D+2s—1 D+2s—1
MN————

= 2= 3s S T

1 free parameter (other than spin)
> singularity at s — 1: determines lightest member—state
> spin is not fixed = full trajectory is known!

» example: the lightest member—state [ | ] of the clone
Fp = B, idX"i0X"
Fro= Bu | = 2 i0X"i0X i0X"0X, + 29i0X"i0° X" — 87i0° X i0° X" |
shifting the massive spin-2 from N =2, w=0to N =4, w =2

CM, Skvortsov '23
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Building the spectrum: a new technology
> 2-row example:

F =0 x®  xDx® . x?

Vsz
SO
fo=1 + T?, T3

fuma = T, (T?))*, T* T3, T3, T, T3, T%

ossible of free lightest
Young shape || w N P ! # &

terms parameters member

0 s1 + 2s9 trivial 1 H

s
P 1 s 4280 +1 2 1 am
2 51425342 6 3 H

» multiplicity = number of free parameters (other than spin)

P other deep trajectories available
CM, Skvortsov ’23
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Interactions with the new technology

> factorize polarizations and “exponentiate” polynomials
leading Regge example: ¢(8) = ¢t | els | ¢c.e=0

Vi, (z,p) = (e'aX)sei’"X = (—ie-@g)s exp (ip'X—l—i@BX)’&:O

then the N—point function can be used

N
Zleading _ £ o {Za/@&; Pi &i '251')}
i7s #ig Zij

see e.g. Kawai, Lewellen, Tye 1986

> for any trajectory: generalize to

V(Zypf) = exp <ip X+ Zg(n) .X(n)>
n=1

> amplitudes for entire subleading trajectories accessible!
example: scattering of tachyon off a spin—s

A0~ A3 (=D + 4s +31) ~ (p2 - €) *(=D + 45 + 31)

w=

CM, Skvortsov ’23
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Is the complete spectrum within reach?
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What can the complete spectrum teach us about fields
and strings and, ultimately, about quantum gravity?
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Other examples of subleading states

> let’s look at massive spin—2 superstring states in 4D

> [lightest such brane state: leading

Vi (2,0) = go T €% My 9XHy¥ X | p2= -1

M ,open

> (some of the) lightest such bulk states: subleading
V(22 k) = gee @70 My T TP 9V X 2= 4

= mimics graviton but is not highest spin of supermultiplet
(J: Kac-Moody current due to compactification)

P> can compute e.g. 3—point string amplitudes
bulk massive spin—2: manifest double copy structure

Liist, CM, Mazloumi, Stieberger '21, ’23
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Other examples of subleading interactions

> 3 consistent field theory of massless and massive spin—2 states:
bimetric theory around flat backgrounds

(kinetic term for massive spin—2: Einstein—Hilbert)
de Rham, Gabadadze, Tolley

Hassan, Schmidt—-May, von Strauss
Babichev, Marzola, Raidal, Schmidt—-May, Urban, Veermée, von Strauss

> extract “effective” vertices from our finite cubic amplitudes, e.g.:

ol = 5 Ly [MP) + 20/ M [0,0My0 0, M7 — 29, M,0 07 ME] |
(2,y) = (2,0) if My, isa bulk state of N =4,8
Y (3,1) if M,, isa brane state

» match for bulk state with 1-parameter subfamily of (on—shell,
cubic) bimetric theory

’10
Hassan, Rosen ’
’12
’16

Liist, CM, Mazloumi, Stieberger '21 and ’23

curiously same family as:

Bonifacio, Hinterbichler, Joyce, Rosen
Momeni, Rumbutis, Tolley 20 and Johnson, Jones, Paranjape
Engelbrecht, Jones, Paranjape
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17
’20
22



Concluding remarks

> massive strings and fields: only cubic level similarities

Sagnotti, Taronna ’10
Liist, CM, Mazloumi, Stieberger ’21, '23

> we have a new technology that excavates entire trajectories

> key observation: Howe duality between sp(2e) and so(D — 1,1)
P idea: use this bigger than the Virasoro symmetry
> gearwheel: sp(2e) creation operators

CM, Skvortsov '23

» field—theory amplitudes for spinning black holes
Guevara, Ochirov, Vines ’18
Maybee, O’Connell, Vines '19

“massive” higher—spin symmetry = 3—point Kerr amplitudes!

Cangemi, Chiodaroli, Johansson, Ochirov, Pichini, Skvortsov '22

leading Regge: no BH features

Pichini, Cangemi ’'22

» Can strings yield Kerr amplitudes? can we treat the entire
spectrum? chaos? holography?
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